7Y — MMEMEE O E Tk LG

A "
r K W®m KT
Z N &

Masanobu Shinozuka®"

Statistical Fleet Reliability Estimators and
Reliability-Based Design

By
Hiroshi Ishikawa, Toshio Tanimoto,
Hitoshi Kimura and Masanobu Shinozuka

ABSTRACT

An effort has been recently made by A. M. Freudenthal to estimate the
fleet reliability based on the scatter factor defined as the ratio of the maximum
likelihood estimator of the scale parameter of the two-parameter Weibull
distribution with a known shape parameter, assumedly describing the life
distribution of structural elements or components, to the “time to first failure
T.” among a fleet of nominally identical elements or components subjected also
to nominally identical operating conditions. Unfortunately, however, his
definition of the fleet reliability R’ does not rigorously represent the true fleet
reliability R to be defined theoretically as R=P(T,:>#,*), where £,* is the

* BNIKERREHAREE (T760 @BHsEn2—1)

o EEdA T (T602 ERRBAS BIIRAM

+ BHIKEERHEEE (Fr60 waTisele—1)

++ Department of Civil Engineering and Engineering Mechanics, Columbia
University, New York, N.Y. 10027 U.S.A.



—302— W53% W2E 488

service life (minimum 1life) specified for the fleet. Further, R’ in itself
inherently involves a statistical nature and therefore needs to be deemed as
an estimator of R.

In this respect, a new estimator of R, designated by/Ié in the case of
known shape parameter, has been introduced in the present study. Statistical
natutes of R/ and ﬁ have been carefully examined and compared with the aid
of Monte Carlo techniques, which has revealed the more advantage in usingﬁ
in the reliability assessment rather than in using R’.

The mathematical difficulty multiplies when the Weibull shape and scale
parameters are both assumed to be unknown. However, this is undoubtedly the
case which is consistent with engineering reality. For these conditions, therefore,
the reliability estimators I\i’/and R” have also been introduced as a natural
extension of aforementioned ﬁ and R’, 1espectively. Procedures involving
Monte Carlo techniques have been established to evaluate the statistical
properties of these estimators, Simulated results show that \é plays the more
crucial role in the reliability-based design than R”. The effect of the size to
be used in the fatigue test, of the fleet size and of the reliability level on the
accuracy of such estimation has also been discussed.

The fleet reliability can then be estimated based on either /k in the case
of known shape parameter or} unknown shape. This satisfies the essential
part of the requirement in the reliability-based design of machines and struc-
tures, (Received July 21, 1980)
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Fig. 1. Explanatory figure to find out the probability of occurrence of the

i-th order statistic.
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Fig. 2. Schematic representation of the i-th and the j-th order statistics.
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Fig. 3. Monte Carlo simulation results of the distribution function of

scatter factor Fg (s).
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Fig. 4. Domains of integration for fleet reliabilities R and R’.
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R=exp [mm{%é—o)} ] (4.27)
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LinoT, HER R”kBUVCR@Fdﬁ%@ ELEBHZUDT ENTE B,
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i

5 ab—v g yFHROBE

5% & ¢f Fig. 61C/R L7, Fig. 5 WBREHa REAOBATET BHDT
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SUBROUTINES
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GAMMA FUNCTION — GAMMA |
| | |
R 1 ]
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COEFFICENTSOE,
VARIATION of Rand R

|

SCATTER FACTOR
BASED ON R

SCATTER FACTORS
BASED ON E(R ]and E[R)

—]

END

Fig. 5. Simplified flow chart of the current simulation program when
Weibull shape parameter is assumed to be known,
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SUBROUTINES
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i
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DISTRIBUTION OF Z -—————l—l_ ANS List )

STAT|STICAL PROPERTIES
OF R AND, R”

L

END

Fig. 6. Simplified flow chart of the current simulation program when both

Weibull shape and scale parameters are assumed to be unknown.
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Fig. 7. E[l/i’\j/R and E(R’)/R as a function of Weibull shape &« (z=1).
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Fig. 8. Vje\and Vlé‘, as a function of Weibull shape a (n=1).
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Fig.10. Vﬁand VR' as a function of Weibull shape a (#=5).
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Fig.11. E(R)/R and E(R’}/R as a function of Weibull shape @ (#=10).
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Fig.12. V’I\eand Vprasa function of Weibull shape o (#=10).
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Fig.12 (1=10) OLWFREETHELHIAL I, WFROBAICS R 0%
Bk R O BEiEC e TR RED TSV, & IeBAR Tk n PVANESS
WA RN THE DEEMEEI BT L, HERR OF2 R ST
F OB HBENEZCBR OB EERRTHIOE VLD,

Bk e, BRERaBIOT ) — MEBEY A~V R OEMT MG
CHLC, RAbUIC R OMEHgECET 5 v a2l —v s ViR EEA
AR LB BHETER L T—ER Loy Table 1n=1), Table?2
(n=15) Lo Table 3 (n=10) TH%, £H, ( ) WIRLEEES
Freudenthal O% % Hleik5< R BT 28RBS 2. ks, L0k
wiEZDT Y — b TEmOEEIEL T, (1) H ek fe Scatter Factor DfE
2 HAILL TBWI,

Table 1. Values of E[/kf], E[/ﬁ‘]/R, Vg and scatter factor S for selected
values of R and a (n=1).
(Cortesponding values for R’ are listed in the parentheses.)

Ao oy [E(RY/R S (Sg)
R |a| E(R)E(R")) [(}éER’]/R) Ve (VR) — l I —
2| 0.591(0.475) 1,181(0.950) 0.449(0.488)1.20(0.95)2.69(2.13)[6.00(4.76)
0'53 0.591(0.475) 1.181(0,950) 0.449(0.488)1.13(0.97)1.93(1.65)3.30(2.83)
4] 0.501(0.475) | 1.181(0.950) | 0.449(0.488)[1.10(0.98)(1.64(1.46)2.45(2.18)
5| 0.591(0.475) 1,181(0.950) 0.449(0.488)1.08(0.98)1.48(1.35)2.05(1.87)
2| 0,905(0.792) | 1.005(0.880) 0.096(0. 253)3.08(1.95)(6.88(4.36)(15.4(9.76)
0.9/8 0.905(0.792) | 1.005(0.880) 0.096(0.253)2.12(1,56)(3.62(2.67)(6.19(4.57)
4 0.905(0.792) | 1.005(0.880) | 0.096(0.258)1.76(1.40)i2.62(2.09)[3.92(3.12)
51 0.905(0.792) | 1.005(0.880) 0.096(0.253)]1.57(1.31)|2.16(1.80)[2.99(2.49)
2| 0.990(0.959) | 1.000(0.969) 0.014(0.093)9.92(4.84)[22.2(10.8)149.6(24.2)
0,90/ 3 0.,990(0.959) | 1,000(0.969) 0.010(0.093)14.63(2.86)|7.92(4.89)(13.5(8.37)
4| 0.990¢0.959) | 1.000(0.969) 0.010(0.093)|3.16(2.20)4.72(3.29),7.06(4.92)
5| 0.990¢0.959) | 1.000(0,969) 0.010(0,093)|2.51(1.88)/3.46(2.59)}4.78(3.58)
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Table 2. Values of E (R), E(R)/R, Vpand scatter factor S for selected

values of R and a (#=5).

(Corresponding values for R’ are listed in the paientheses.)

.
E(R)E(R"))

2]

/R

RYR
(E(R")/R)

Sz Sp

1

Vﬁ (VR')

m=1

m=5

m =25

0.5

0.523(0.485)
0.523(0.485)
0.523(0.485)
0.523(0.485)

1.045(0.970)
1.045(0.970)
1.045(0.970)
1.045(0,970)

0.278(0.296)
0.278(0.296)
0.278(0.296)
0.278(0.296)

1.
1.
1.
1.

20(1.13)
13(1.09)
11(1.06)
08(1,05)

2.69( 2.53)
1.93( 1.86)
1.64( 1.59)
1.48( 1.45)

6.01( 5.67)
3.30( 3.18)
2.45( 2.38)
2.05( 2.00)

0.9

0.901(0.881)
0.901(0.881)
0.901(0.881)
0.901(0.881)

1.001(0,979)
1.001(0.979)
1.001(0.979)
1.001(0.979)

0.046(0.0686)
0.046(0.066)
0.046(0.066)]1,
0.046(0.066)I1.

3.
2.

08(2.79)
12(1.98)
76(1.67)
57(1.51)

6.89( 6.23)
3.62( 3.39)
2.62( 2.50)
2.16( 2.08)

15.40(13.90)
6.19( 5.79)
3.92( 3.73)
2,99( 2.87)

0.99

Tt > W DU B W N U s W

0.990(0.,988)
0.990(0.988)
0.990(0.988)

1.000(0.,998)
1.000(0,998)
1.000(0.998)

0.990(0.988)

1.000(0.998)

0.005(0.007)9.
0.005(0.007) 4,
0.004(0.007)|3.
0.005(0.007)l2.

98(8.93)
63(4.31)
16(2.99)
51(2.40)

7.92( 7.36)
4.72( 4.47)
3.46( 3.31)

22.31(20.00)%9.88(44.70)

18,55(12.60)
7.06( 6.68)

4,78( 4.57)

Table 3. Values of E [k\j, E(/kj/R, V]/e\and scatter factor S for selected
values of R and a@ (n=10).

E(R)(E(R"))

A
E(R)/R
(E(R’)/R)

S

R

)

Vi (VR

m=1

m=5

m=25

0.5

0.512(0.491)
0.512(0.491)
0.512(0.491)
0.512(0.491)

1.023(0.982)'0.207(0.216)
1.023(0.982) 0,207(0.216)
1.023(0.982).0.207(0.216)

!

1.023(0.982) 0.207(0.216)

1.
1.
1,
1.

20(1.16)
13(1.11)
10(1.08)
08(1.06)

2.69( 2.60)
1.93( 1.89)
1.64( 1.61)
1.48( 1.47)

6.01( 5.82)
3.30( 3.24)
2.45( 2.41)
2,05( 2.02)

0.9

0.900(0.891)
0.901(0.891)
0.901(0.891)
0.900(0.891)

1.001(0,990)
1.001(0.990)

1.001(0.990)/0. 033(0. 040)
1.001(0.990)/0. 033(0. 040)

3.
2.
1.
1.

0.033(0.,040)
0.033(0.040)

08(2.93)
12(2.05)
76(1.71)
57(1.54)

6.89( 6.56)
3.62( 3.50)
2.62( 2.56)
2,16( 2.12)

15.40(14.70)
6.19( 5.99)
3.92( 3.83)
2,99( 2,93)

0.99

Tl W DU R W N O W N

0.990(0.989)
0.990(0.989)
0.990(0.989)

1.000(0.999)
1.000(0.999)
1.000(0.999)

0.990(0.989)

1.000(0. 999)

0.003(0.004)
0.003(0.004)
0.003£0.004)
0.003(0.004)

9.
4.
3.
2.

97(9.47)
63(4.47)
16(3.08)
51(2.,46)

22,30(21.20)
7.92( 7.65)
4.72( 4.60)

3.46( 3.39)

49,87(47.30)
13.55(13.10)
7.06( 6.88)
4.78( 4.68)
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Fig.13. Empirical distribution of U¥*,
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Fig.14. Empirical distribution of V*.
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Fig.16, Empirical distribution of Z.
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Fig.17. Empirical distribution of Z (m=25; n is varied.).
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Fig.18. Empirical distribution of Z (#=3; m is varied.).
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W Fig 19vk (4e14) B L (4-15) REHR L eUB LUV OREEHER
Dk (de18—aB I U b) RONEHEREL BT Lo TKDIZ U 1 a
Ve g YRR E 2 B QR TERAHEHRZO—H (n=5) ZRLEDBDTH

Fig.19. Two-dimensional frequency table of U and V, (n=5).

N\Po
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
%\
1 0o 1 1 0 0 o 0 o O O O 0 O 0 0 O
2 12 74 136 142 111 48 32 10 3 0 2 0 0 O O O
3 5 50 156 180 158 95 66 31 11 9 4 3 0 1 1 0
4 4 18 61 61 72 52 38 25 10 ¢ 3 1 2 0 0 O
5 1 7 26 29 3 23 10 11 1 2 2 1 0 0 0 O
6 1 4 11 14 15 g 10 5 2 0 1 0 0 O O O
7 0 3 4 4 8 3 2 4 0 2 0 0 0 O0 0 O
8 o 2 2 9 4 1 1 i 0 0 0 O O 0 O O
9 0 1 1 2 1 5 2 0 0 0 0 0 0 0 0 O
10 0o 2 0 0 0 1 2 1 0 0O 0O O O O O O
11 0 0 0 1 1 o o o 1 0 O O O O O0 O
12 0 0 0 0 0 o 0 0 0O 0 O o0 0 0 o o0
13 0 0 1 1 2 o 0 6 0 0 0 0O O O 0 O
14 [(] 0 1 2 o 0 o 0 o0 0 0 0 0 0 0
15 0 0 0 0 1 o 0 0 "0 0 O 0 O 0 0 O
16 0 0 0 0 0 o 0 ¢ 0 0 O 0 0O 0 0 O
17 0 0 0 0 0 o 0 0 o 0O 0 O O O o0 O
18 [V 0 0 0 o 0 0 o o0 0O 0 O 0 0 0
19 [( ] 1 0 0 o 0 0 o 0 O 0O O O 0 o0
20 0 0 0 0 0 o 0 0 0 o0 O O O O 0 o0
21 0 0 1 0 0 o 0 0 0o ¢ O O O O 0 O
22 0 0 0 0 0 o 0 0o 0 O O O O O O O
23 o 0 0 0 0 o 0 0 0 O O O O O O O
24 0 O 0 0 0 o 0 0 0 0O O 0o O O 0 O
25 0o 0. 0 0 0 o 0 0 0 0O 0O 0O 0 0 0 o

Notes : For v,, Interval 1=0~0,25, Interval 2=0,25~0.50, efc.
For u#, Interval 1=0~0.50, Interval 2=0,50~1.0, etc.

b. FNO REFAVT U $EC Vot FhOFA57 (marginal dis-
tribution) KD B LB HTD 5,

T, BrRMOBAD 7 ) — | [EMER OER Rix bR O
SEHEE & L CHVSE, B (R) ®BXUE (R, ALK EBKE Vis:
O Ve’ ORBAEEL L >, Fig.20r, HATEr=2 OBAKKHLT,
EEEOEEE REOW, FibbEREELRD N CEHRKIEOEEEY
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Fig.20. E(R)/R (E(R")/R) and V3 (Vp,) as a function of R (n=2).
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Fig.21. E(R)/R (E(R*)/R) and V} (Vp,) as a function of R (#=3).
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Fig.22. E(R)/R (E(R")/R) and V3 (Vp,) as a function of R (n=5).
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Table 4. Values of E(R), E(R)/R, V¥ and Q* for selected values of R
and m (n=2).

(Corresponding values for R” are listed in the parentheses.)

/. N
R | m | E[(R) (E(R")) E(R)/R(ER)/R) Vg (Vi) Q*

11]0.912 (0.789) 1.013 (0.876) 0.166 (0.184) 5,46X10
310.920 (0.720) 1.022 (0.799) 0.175 (0.262) 6.08X102
0.9 510,918 (0.690) 1.020 (0.767) 0.188 (0.300) 1.90X103
25 | 0.908 (0.624) 1.009 (0.693) 0.228 (0.392) 7.72X10%

100 | 0.896 (0.594) 0.996 (0.660) 0.264 (0.435) 2.07X10¢
1]0.956 (0.835) 1.006 (0.879) 0.096 (0.144) 2,07x102
310,951 (0.760) 1.001 (0.800) 0.124 (0.223) 1.83X103
0.95 5| 0.948 (0.730) 0.998 (0.768) 0.139 (0.260) 5,73X103
25 | 0,936 (0.657) 0.986 (0.691) 0.176 (0.353) 2.54X105

100 | 0.924 (0.622) 0.973 (0.655) 0.206 (0.399) 8.96 X108

1] 0.986 (0.888) 0.996 (0.897) 0.047 (0.103) 4,20%10%

3| 0.982 (0.821) 0.992 (0.829) 0.072 (0.169) 3.35X10*4

0.99 5| 0.979 (0.791) 0.989 (0.799) 0.086 (0.201) 8,49 10*
25| 0.971 (0.716) 0.981 (0.723) 0.116 (0.286) 2.98X108

100| 0.965 (0.675) 0.975 (0.681) 0.127 (0.335) 7.81X107
110.996 (0.926) | 0.997 (0.926) | 0.031 (0.075) 2.00 X108

3| 0.993 (0.869) 0.994 (0.870) 0.047 (0.125) 1.71X108

0.999 5| 0,992 (0.843) 0.993 (0.844) 0.059 (0.152) 4.55% 108
25| 0.987 (0.772) | 0.988 (0.773) | 0.097 (0.228) 1.16 X108

100 | 0984 (0.729) 0.985 (0.730) 0,106 (0.275) 2.98X10°

N N
Table 5. Values of E{R)}, E(R)/R, Vl\e’ and @Q* for selected values of R
and m (n=3).
(Corresponding values for R” are listed in the parentheses. )
A\ N
R | m |E(R) (E(R")) [E(R)/RER")/R) Vg (Vp. Q*

1] 0.903 (0.817) | 1.008 (0.908) | 0.147 (0.162) 1.68x10

31 0.902 (0.756) | 1.003 (0.840) {0.168 (0.230) 7.71%10

0.9 5| 0,809 (0.728) | 0.998 (0.809) 0.183 (0.265) 1.62X102
25| 0.881 (0.661) 0.979 (0.735) 0.236 (0.354) 1.50%x103

100| 0.860 (0.626) 0.956 (0.696) 0.288 (0.402) 1.09 X104

1] 0.948 (0.868) 0.998 (0.914) 0.089 (0.120) 3.88Xx10

-1 3] o0.942 (0.808) | 0.992 (0.850) | 0.114 (0.185) 1.79 X102
0.95 | 5|0.938 (0.780) | 0.987 (0.820) | 0.129 (0.218) 3.35 %102
251 0,921 (0.707) | 0.969 (0.744) | 0.170 (0.305) 3.55X10?

100 | 0.903 (0.666) 0.950 (0.702) 0.210 (0.357) 2,29 X104

1] 0.985 (0.928) 0.995 (0.937) 0.041 (0.074) 2.53X102

3] 0.981 (0.880) 0.990 (0.888) 0.060 (0.121) 1.02x10%

0.99 5| 0.978 (0.854) 0.988 (0.863) 0.071  (0.149) 1.97X103
25! 0.969 (0.785) | 0.979 (0.793)- | 0.098 (0.222) 2.31 %104

100| 0.961 (0.738) 0.971 (0.746) 0.110 (0.277) 1.68X10%
1]0.996 (0.964) | 0.997 (0.965) | 0.028 (0.047) 4.96 X10°

3| 0.994 (0.930) 0.995 (0.931) 0.039 (0.077) 1.59 %104

0.999 5| 0.993 (0.911) 0.994 (0.912) 0.047 (0.097) 2,78 X104
25| 0.989 (0.854) | 0.990 (0.855) |0.077 (0.156) 2.20 X108

100| 0.987 (0.809) | 0.988 (0.810) | 0.085 (0.202) 2,31X108
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Table 6. Values of E(R], E[RJ/R,VI\Q’ and @Q* for selected values of R
and m (#=5).
(Corresponding values for R” are listed in the patentheses.)
N . N~ N
R | m | E(R) (E(R")) E(RIR/(E[R")/R)| V§ (Vp, Q*
1[0.906 (0.844) | 1.007 (0.937y | 0.111 (0.126) 1.31X10
3] 0.900 (0.801) | 1.000 (0.890) | 0.137 (0.183) 4.51%10
0.9 5| 0.895 (0.777) 0.995 (0.863) 0.153 (0.217) 7.,45%10
25| 0.873 (0.710) | 0.969 (0.789) |0.213 (0.313) 4,61X102
100| 0.846 (0.669) 0.940 (0.743) 0.277 (0.370) 2,76 X103
1[0.949 (0.895) [ 0.999 (0.942) | 0.069 (0.092) 2.62%X10
3| 0.943 (0.857) 0.992 (0.902) 0.089 (0.136) 8,59X10
0.95 | 5| 0.938 (0.835) | 0.987 (0.879) | 0.100 (0.165) 1.44 X102
251 0.919 (0.766) 0.968 (0.806) 0.141 (0.256) 8.,74X10%
100 0.897 (0.721) | 0.945 (0.759) | 0°186 (0.316) 4,86 X103
1] 0.986 (0.955) 0.996 (0.964) 0.032 (0.046) 1,33%102
3] 0.983 (0,927) | 0.993 (0.937) | 0.039 (0.077) 3.62 %102
0.99 51 0.981 (0.912) 0.991 (0.922) 0.044 (0.095) 7,10%<102
25| 0.973 (0.856) 0.983 (0.865) 0.059 (0.160) 4,25X103
100| 0.964 (0.808) | 0.974 (0.816) | 0.074 (0.220) 1,96 X 10
110,997 (0.983) 0.998 (0.984) 0.024 (0.020) 1.30X%108
3] 0.996 (0.970) | 0.997 (0.971) | 0.026 (0.036) 3.92%103
0.999 5(0.996 (0.960) 0.997 (0.961) 0.028 (0.048) 8,02X103
25(0.994 (0.924) 0.995 (0.925) 0.037 (0.088) 3.63X104
100 0,992 (0.887) 0.993 (0.888) 0.041 (0.130) 1.66 X10°
N v
Table 7. Values of E(R), E(R]/R, VI\E/ and Q% for selected values of R
and m (n=10).
(Corresponding values for R” are listed in the parentheses,)
R | m|E(R) (B(R") E(R)/RERVR) VE (Vg Q*
1] 0.898 (0.867) 0.997 (0.933) 0.089 (0.096) © 9,52
3| 0.889 (0.836) 0.987 (0.928) 0.122 (0.142) 2.77X10
0.9 5| 0.882 (0.819) 0.980 (0.910) 0.130 (0.166) 4,73 X10
25! 0.854 (0.762) 0.949 (0.847) 0.206 (0.258) 2.34%X102
100 0.821 (0.718) 0.912 (0.798) 0.280 (0.334) 9,05 102
1) 0.944 (0.920) | 0.994 (0.968) | 0.059 (0.067) 1.68%10
3} 0.936 (0.892) 0.986 (0.939) 0.078 (0.106) 5,26 <10
0.95 5| 0,931 (0.877) 0.980 (0,923) 0.089 (0.125) 8.83X10
25| 0.909 (0.823) 0.957 (0.867) 0.130 (0.196) 4,35%102
100] 0.883 (0.778) | 0.930 (0.819) | 0.179 (0.264) 1.70 X 103
17 0.985 (0.973) 0.995 (0.983) 0.029 (0.026) 9.78 X 10
3] 0.982 (0.958) | 0.991 (0.968) | 0.035 (0.045) | . 2,25X102
0.99 | 50,979 (0.949) | 0-989 (0.959) | 0.038 (0.057) 2.96 X102
25| 0.971 (0.914) 0.981 (0.923) 0.051 (0.102) 1.58 X103
100 0.961 (0.875) 0.970 (0.884) 0.065 (0.154) 6.67 X103
1] 0.997 (0.993) 0.998 (0.994) 0.023 (0.008) 4,98X102
3] 0.996 (0.988) | 0.997 (0.989) |0.025 (0.014) 1.34X 108
0.999 51 0.996 (0.985) 0.997 (0.986) 0.026 (0.018) 2.19x103
25| 0.994 (0.968) 0.995 (0,969) 0.031 (0.040) 8.89%103
100| 0.992 (0.948) 0.993 (0,949) 0.033 (0.065) 3.86 X104
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Table 8. Values of E[yls/], E[;?/J/R, VI\Q/ and Q* for selected values of R
and m (#=20).

(Corresponding values for R” are listed in the parentheses.)

\/‘ - “ .\/‘ ‘
R | m|E(R) (E(R")) E(R)/RER YR VE (Vg Q*
1] 0.897 (0.875) | 0.996 (0.972) | 0.076 (0.069) 9.17
3! 0.887 (0.856) | 0.986 (0.951) | 0.109 (0.108) 2.58% 10
0.9 5| 0.880 (0.842) | 0.978 (0.935) | 0.127 (0.134) 4.05%10
251 0.851 (0.786) 0,946 (0.873) 0.195 (0.233) 1.92%10%
100 0.817 (0.739) 0.908 (0.822) 0,270 (0.324) 7.28 X102
1] 0.944 (0.921) | 0.994 (0.970) | 0.052 (0.051) 1.87 %10
3| 0.936 (0.906) 0.985 (0.954) 0.070 (0.075) 5.,19%10
0.95 5| 0,931 (0.897) 0.980 (0.945) 0,080 (0.090) 7.30%10
25| 0.900 (0.856) | 0.956 (0.901) |0.121 (0,155) 3.20 X102
100| 0.882 (0.810) 0.928 (0.853) 0.169 (0.230) 1,12X103
1! 0.985 (0.974) 0.995 (0.984) 0,027 (0.025) 6,17X10
3| 0.982 (0.967) 0.992 (0.976) 0.031 (0.035) 1,77X102
0.99 5| 0.980 (0.961) 0.990 (0.971) 0.033 (0.042) 2,84 %102
251 0,971 (0.940) 0.981 (0.949) 0.043 (0.070) 1.08%103
100| 0.961 (0.912) 0.971 (0.921) 0.057 (0.107) 3.58 X103
1] 0.997 (0.994) | 0.998 (0.995) |0.023 (0.007) 6.62X10%
31 0.997 (0.991) 0,998 (0.992) 0,023 (0.011) 2.27%X103
0.999 5| 0.996 (0.989) 0,997 (0.990) 0.023 (0.013) 2.39xX103
251 0,995 (0.981) 0,996 (0.982) 0,023 (0.022) 7.27%X103
100] 0,992 (0.971) | 0.993 (0.972) |0.024 (0.085) |  2.81X10¢
v
B (n, m, R) = E (R, m, R)} /R 6+
LELZBLERLE ST, (6:8) XAV THEL R 2R
v
Ro= Ro/ B (#, m, R) (6+5)

Tt o TEEL, ¢ R OEXEDT7 ) —EHREOHREREL LTRETS
T EHHERET D B,

T #

i}

eI BN CIE, B A. M. Freudenthal & X » THRES icScatter
Factor SIS 7Y — MMEWE R OiEEH 0TSO\ CHE R ER
MRS « BEA ML IR, BOBLHCIBT )~ MEEE R BeheH
Wt BREAEBRAEO 7 Y — MEBEERY R SHAEBLERR Bk tes
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Lico Licedlo C2RBEKTA T vHEHOGOTBRER a 2BEM e L CBHER
7 SIYBROEER R WEMMASO &R BERESR, HiLHO ROH:
FRRPBEL, Y FhvalEsBA Ly L2 V—y s VEESD, RO
METHME AR ORI N TERBENR VN2 C L RFERL .
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RER G5 & bERMOEAR, PR R Kbt ReRET 5 Lui
MU, R OHEREER R 72 bUC R & Hiric s « 2L, Zhb OfeHighE
B lal— T BRBDDEYFHNOEERET Lice & bic, A~ Ha,
79— b, B X OUEREE Y~ v R AT B O MEE RIS 1
oW THIEL, LWEFROBAICHN T, FilcRELeEEaR 0%,
Freudenthal @£ X H OB L 5 R” J 0 &, BAH0CHEEHMERERT
WBZEEHUHER LR, BRI Er NIVl b o &
RO DT ERERF B LI X 5 T, RSTRMERE S £ <RI L A
HRbDThoHo LEWbLME Li,

PEicX v, SHBEHOMRER o SEAOBACE RE, kol
BkE, FRERBWT 70— MMEME R SEHCHESRS BC &,
PICEME R ZE LR R SERIND 5T 2R Lk,
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