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Topological Classification

of the Scattered Countable Metric Spaces of Length 3

by

Shinpei OkA

Abstract

Based upon a general theory we shall present a topological classification of the scattered

countable metric spaces of length 3. The number of atoms of length 4 is also given.

1. Preliminaries. Let us start with Cantor’s well-known process of deriving. (cf
Kuratowski [1]) Let X be a topological space. Let X = X and X, the set of the isolated
points of X© . If B is a non-limit ordinal, let X ‘¥’ = X *"Y — X531, and X the set of the
isolated points of X ¥ | where 8 - 1 means the ordinal preceding 8. If S is a limit
ordinal, let XP=nN <6 X7 and X the set of the isolated points of X )

Each X ¥ is a closed subset of X, and each X is a discrete open subset of X ¥ .

A space X is called scattered if X' = 0 for some «. The first ordinal a for which
X' vanishes is called the length of the scattered space X and is denoted by leng(X).

The following properties of a scattered space X will be used in this paper implicitly
and frequently. Let 8 be an ordinal and U an open set of X .

(1) XD NU=U" and Xp N U= U (, and hence we have the following two).

(2) leng(U)= B ifandonly if UN X =@and U N X' # Qforevery y < B .

(3) X is dense in X'* .

A scattered countable metric space X of length & has the following properties.

(4) The length « is a countable or finite ordinal. (For compact case, @ is in addition
a non-limit ordinal)

(5) If B + 1< « then |[Xp| = w with w the first countable ordinal identified with the
countable cardinal. If 8 + 1 = @ then |[X*’| =|X | <w . ( For compact case, |[X *’| =
|X | < w furthermore.)

If the length @ > 0 is a non-limit ordinal and |[X*™'|= f , 1< B < w, the pair (@,
B) is called the type of X .
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As for a compact countable metric space X, the Mazurkiewicz-Sierpifiski theorem ([2],
also see [1]) says that the topological type of X is uniquely determined by its type ( &, n)
l<n<w.

2. General theory.

Definition 1. Let X be a 0-dimensional metric space and p a point of X . X is said
to be self-similar at p if every clopen set containing p is homeomorphic to X .
Proposition 1. X is self-similar at p if for any open neighborhood U of p there is
a clopen set Vof Xsuchthatp € VS Uand V= X.
Proof. First note that a homeomorphism f: X — ¥ can be taken so that f(p) = p . Indeed
if not, say f(p) = g * p, take disjoint clopen neighborhoods O,, O, of p, g respectively
so that f(O,) = O, and O, U O, € V , define a homeomorphism g : ' — Vby

Sx) ifx €0,
go=1 f'v ifxE€O0,
X if otherwise

and redefine / '= g °f. Let W be a clopen set of X containing p . To show W = X let U,
2 U, 2 Us 2 * * * be a clopen neighborhood base of p . Take m: so that U,, & W and
take a clopen set V1 & U,, containing p and homeomorphic to X, with 41 : X —= V1 a
homeomorphism not moving p . Then take m2 > m; so that U,, & V1 — hi(X — W) and
take a clopen set V2 & U.,, containing p and homeomorphic to V1, with iz : V1 = 7z a
homeomorphism not moving p . Further take m3 > m2 so that Un, © Vo — ha o hi(X — W)
and take a clopen set V3 & U, containing p and homeomorphic to V2, with 3 : Vo — V3
a homeomorphism not moving p .

Repeating this process we have a sequence m; < mz < mz < * * * and a homeomorphism
heohpr oo : X-W—ohoho++-oh(X—-W) S Up—Un,., for each k. We can
now define a homeomorphism % : X — W by

hx) ifxeX-w
h(x)={ h(x) ifx € 1 ©hezos o hy(X—W)
X if otherwise .

Thus X = W, which completes the proof.

Definition 2. Let @ > 0 be a non-limit ordinal and let X be a scattered countable
metric space of type («, 1) with {p} = X'*" . X is called an atom of length « if X is
self-similar at p . A topological sum of at most countably many homeomorphic atoms is
called a molecule . A molecule of the form

n

ADAD - - - DA




Topological Classification of the Scattered Countable Metric Spaces of Length 3

with 4 an atom and 1 <7 < w is denoted by n4 . A molecule of the form

w

AD AD AD - - -
with 4 an atom is denoted by wA. A molecule M homeomorphic to 3 4 with 4 an atom
and 1 < B < w is called an A-molecule . The (3 is called the width of M and denoted
by wid(M) .
Examples. The atom of length 1 is the one point space. To count the atoms of

length 2 , let X be a scattered countable metric space of type (2, 1) with X D= X = {p}.
Then X admits just three topological types. Each type is characterized by the existence of
a clopen neighborhood base X = Ui 2 U> =2 Uz =2 - * * of p satisfying

(1) |Un = Un+1| = 1 for every m, or

(") U1 = Us| = w and |U, — Un+1| = 1 for every m > 2, or

(8) |Un = Uni1| = w for every m .

Type 1, type 1 and type s correspond to compact case, non-compact locally compact case
and non-locally compact case, respectively. The X's which admit clopen neighborhood
bases satisfying (r), (r'), (s) are respectively denoted by r, ', s . Consequently the atoms
of length 2 are r and s .

Definition 3. A space X is said to absorb a space Y if X = X @Y . In particular,
if X is an atom of length @ with {p} = X'*“~" | X absorbs Y if and only if X includes a
clopen set not containing p and homeomorphic to Y . Thus, if a molecule X includes a
clopen set homeomorphic to a molecule Y with leng(Y) < leng(X) , then X absorbs Y .

If 3 < @ < w: there are infinitely many scattered countable metric spaces of type
(a,1). However we have

Theorem 1. Let @ > 0 be a finite ordinal. Then the number of atoms having length
o. is finite.

Theorem 2. Let &> 0 be a finite ordinal and let X be a scattered countable metric
space of length « . Then every point p of X has a clopen neighborhood which is self-
similar at p .

Theorem 3. Let & > 0 be a finite ordinal and let X be a scattered countable metric
space of length « . Then X has a decomposition D consisting of finitely many clopen
molecules such that

(*) for each atom A , at most one A-molecule is a member of D , and each member
of D does not absorb the other member of D .

The decomposition D is unique in the sense that if D' is another such decomposition
then there is a bijection @ : D —D' satisfying M =~ ®(M) for every M € D .
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Examples. Theorem 1 and 2 do not hold if the length @ > w . Put X =1[0, w”]
and A, =X — Xw,n=1,2,3, ..., the subspace of X obtained by removing the limit
ordinals whose cofinality is w” . Then each A, is an atom of length w + 1 ,and if n <m
then A, = A because

Ao U (A)w =Xo-1 U Xorn = ws
but (An)e-1 U @n)w=Xo-» U Xw= wr.

As for Theorem 2, using 4. above, define B, = 4,— {w“} and Y = (D7-1 B,) U {p} with
the topology such that the topology of @7 -1 B, is not disturbed and U, = (P5%n B,) U
{p} ,m=1,2,3,...,is aclopen neighborhood base of the new point p . Then Y is a
scattered countable metric space of type (w + 1, 1) with {p} =Y . The point p has no
clopen neighborhood in Y which is self-similar at p . Indeed, U # Un+1 for every m
because

Un)n-y U (Un)w = ws ® wr but (U)o U Unsid)w = wr .

To make the proof go smooth we shall give two easy technical lemmas.
Lemma 1. Let X, R be spaces and p a point of X . Let X=U, 2 U> 2 Uz 2 * * *
be a clopen neighborhood base of p . Assume each U, — Un+1 is written

Uno = Uni = X0U X0U =+« U XK (kyy = 0 may happen)
by finitely many mutually disjoint clopen sets X, 0 < i < kn, of X such that

Xo=Xo= o+ = Xi'=R.
If |{m| kn > 1}| = w then there is a clopen neighborhood base X =V, 2 Vo 2 V3 2« -
of p satisfying
Voo — Va1 = XU Ra

for every m , where R is a clopen set of X such that X0\ R, =0 and Rn =~ R .
Proof. Rewite {X» |m =1,2,3,...,1 <i<ka} = {X1, X2, X, ... } so that if
Xo= X, Xi' = Xowand m < m'then n < n'. We have only to put

Va={p} U (U= X)) U (UL X).
Notation. We use the notation M Eh D to mean that D contains a member

homeomorphic to M .
Lemma 2. Let X be a scattered countable metric space of finite length and let D
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be a decomposition of X into finitely many clopen molecules satisfying (*) of Theorem 3.
Let M be a clopen A-molecule of X (not necessarily satisfying M = D) with A an atom.
Then M is absorbed by a member N of D with leng(N) > leng(M) or D contains, as a
member, an A-molecule of width not smaller than the width of M .

Proof. Let = leng(M) . If wid(M) = w (which is equivalent to |M* | = w),

writing M= {x), x0, X3, ... ) decompose M as M = U%1 A with 4; a clopen atom
homeomorphic to 4 and satisfying {x;} = 4% ~" . Since |D| < w, some member N of D
contains countably many elements, say X, Xi, X, . . . , of M ™" Put M’ =U%(4,N\N).

Then M’ is a clopen molecule homeomorphic to M and included in N . If lengM =
lengN then M = N . If lengM < leng N then M is absorbed by N by the remark following
Definition 3.

If wid(M) is finite, also writing M = {x1, x2, . .., xx} , decompose M as M =U%,
A: with 4; a clopen atom homeomorphic to 4 and satisfying {x;} = 4" ", Take N; €D
so that xi EN:, then N includes a clopen atom A; NN; homeomorphic to A4 . If leng(M)
< leng(N,) for some i , then N: absorbs 4 and hence M because widM < w. If leng(M) =
leng(N:) for every i , then N: should be an 4-molecule for every i . Since an A-molecule
appeas at most once as a member of D , we have N1 = No = + * + = N; so that wid(M) <
wid(N1). This completes the proof.

Proof of Theorem 1, 2 and 3. We shall prove Theorem 1, 2 and 3 simultaneously
by induction on «. These therems are trivially true if &= 1. Let y be a finite ordinal
and assume Theorem 1, 2 and 3 are valid for for every @< y . To first show Theorem 2
for y, let X be a scattered countable metric space of length y and p a point of X . Let p
€X (» and, using O-dimensionality, take a clopen set U of X so that U N X' = {p} .

If B< y — 1 then leng(U) <y — 1 so that induction hypothesis assures the existence of
a clopen neighborhood ¥V of p included in U and self-similar at p . Thus we may assume
that type X=(y, 1) and {(p} = X" " =X . Let X= U, 2U> 2Us 2+ * - bea
clopen neighborhood base of p . Since leng(U, — Ua+1) < p it follows from induction
hypothesis that each U,, — U.+1 has a decomposition D, consisting of finitely many clopen
molecules and satisfying (*) . Clearly each member of D, is of length less than » . Now
define a equivalence relatihon ~ on the set {1, 2, 3, . - } as follows :hm ~ m’ if and only
if for each atom 4 , wA € D, is equivalent to wA &€ Dw,and nd € Dn,1 <n< w,is
equivalent to n'4 S Dw,1<n'<w.(n # n"may happen.)
Note that the number of equivalence classes by ~ is finite because the number of
atoms of length less than 7y is finte by induction hypothesis. We can thus take / so that
[CN{LI+1,1+2,...}|=00r w

for every equivalence class C .

We shall prove that U; is self-similar at p . For convenience let U, be renamed X, let
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Uitm—1 be renamed U, , m =1, 2, 3, ..., and let Dis»—1 be renamed D, ,m=1,2,3,....
Let

A1 Az, ..., Ak
be all the atoms of length less than » so arranged that if i < j then leng(4:) = leng(4)) .
Recalling how we took / we see that for each 1 <7 < k one and only one of the following
three cases occurs :

(a)) w A:& D, for countalbly many m’s .

(b)) w A& D, for every m , and nA,E Dy, 1 <n< w, for countably many m's (with
n maybe varying).

(ci) w4, nAléDm foreverymand 1 <n< w .

Using Lemma 1 we shall remake U, and D. (at most) k times as follows : First
consider the case i = 1 . If (¢1) occurs there is nothing to do. If (a1) does, apply Lemma
1 withR=wAiand k»=0or 1toremake U,,m=1,2,3,...,s0that U, — U1 has a
decomposition D,, satisfying :

(d) Dw contains only one member homeomorphic to w4: and no member homeomorphic
tond:,1<n< w .

(e) The members of D, coincide with those of D, except for 41-molecules.

If (b1) occurs, apply Lemma 1 with R = 4, to remake U, ,n=1,2,3, ..., so that U, —
Un+1 has a decomposition D, satisfying :

(d")D . contains only one member homeomorphic to 4, and no member homeomorphic
to BA/,ZS BZw.

(e’) The members of D, coincide with those of D. except for Ai-molecules.

In either case, D. may not satisfy the latter half of the condition (*) . To avoid
unnecessary discussion, do not make a new decomposition of U, — U+ so that (*) is
satisfied. Let D be renamed D, again.

Repeat this modification (at most) & times until ending at A« , where A is, of course,
the one point space. Then the U, , D., thus obtained satisfy the following :

(f) D coincides with D, for every m, m' in the sense that there is a bijection @ : Dy,
— D, satisfying M =@ (M) for every M € D,, . In particular Uy —Un+1 = Uw —Un1 for
every m, m'.

(g) For each 1 < i < k, D, contains at most one A-molecule, and this A-molecule is
homeomorphic to w A4; or A; . (This is not necessary here but will be used later.)

It follows from (f) and Proposition 1 that U: (renamed X) is self-similar at p , which
completes the proof of Theorem 2 for y .

To use later let D, be finally modified so that (f), (g) and (¥) hold simultaneously. Let
My, Mo, ..., M" be all the members of D,, arranged so that if i < then leng(M") >
leng(M’) . Define D;, , 0 < i < ¢, inductively as follows : D%= D, and

_10_
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ol D' ifM' & Di'
"= MU (UEYY U (Dh'— EY if M' € pi!

where E' denotes the members of Di,' absorbed by M’ and UE" denotes the union of
members of E'. Of course M' U (UE’) =M’ Let D}, be renamed D, again. It is easy to
see that thenew D, ,m=1,2, 3, ..., satisfy (), (g) and (¥) .

To show Theorem 1 for y, let

be all the atoms of length less than y as above, and let p, be the number of atoms of
length » . We shall prove
#) p, < 3",
Note that we have already proved above that a scattered countable metric space X of type
(7, 1) with {p} = X" " includes a clopen set U containing p and admitting a clopen
neighborhood base U= U, 2 U, 2 Us; 2 - -+ - of p for which each U, — U,+: has a
finite decompsition D, into clopen molecules satisfying (f), (g) and (*) . If X is an atom
of length y we can identify X with U . Since Uy — Uz = U, — U, for every m , the
number of topological types of U (and hence of X) is not greater than that of U, — U .
By (g) , the number of topological types of U; — U: is not greater than 3* , where for each
1 <i<k,the"3  corresponds to the three cases, wA; & D, , A:& D, and wAi, A éDl )
Consequently (#) follows. This completes the proof of Theorem 1 for y .
Remark. The inequality (#) is far from a good estimate because the right side

counts many impossible combinations of molecules with respect to the condition (*) .

To finally show Theorem 3 for y , let X be a scattered countable metric space of length
y . Using 0-dimensionality we have a discrete family {4.|x € X" "} of clopen sets of
X satisfying x € 4, for eachx € X" " . By Theorem 2 we can assume Ay is an atom of
length » . Gathering homeomorphic atoms, we obtain finitely many mutually disjoint
clopen molecules My, Mo, . .., M, of length y such that M,UM.U "+ + « UM, = Ue""
U, , and for each atom A of length y , an A-molecule appears at most once in M, Mo,
..., M, . By induction hypothesis X — (M, UM, U - - - UM,) has a decomposition
D consisting of finitely many clopen molecules of X satisfying (*) . Foreach 1 <i < m
define E: inductively as follows :

{ E, is the members of D absorbed by M, ;
E is the members of D—(U j’;} E)) absorbed by M; .

Define
D'={M U UE)|1<i<m} U D—UL E)
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with UE; denoting the union of members of £: . Then D’ is a desired decomposition of X
satisfying (¥) .
To check the uniequness let D, D' be two such decompositions of X and suppose to
the contrary that there is 8 < y admitting an atom A of length 8 and an A-molecule M
such that
MEDandM&D' ,or M&D and M ED'.
We may assume the 3 ihs the largest one satisfying these conditions. If, for instance, the
former happens then M € D and (*) say that M is not absorbed by any member of D and
hence of D' whose length greater than 3 . Thus by Lemma 2, D' contains an 4-molecule
N satistying wid M < wid N so that wid M <wid N because the equality would imply
M =N .Then N € D and (*) say again that N is not absorbed by any member of D of
length greater than 3 . Thus by Lemma 2 again, D contains an A-molecule L with wid
N < widL so that wid M <wid L . This implies that two different A-molecules M, L are
members of D, which contradicts (*). This completes the proof of Theorem 3 for y . We
have thus finished the proof of Theorems 1, 2 and 3.
The following corollary is a key to counting the number of atoms of length 3 and 4 .
Corollary 1. Let2< « < w and let X be a scattered countable metric space of type
(a, 1) with {p} = X"V . Then X is an atom if and only if p has a clopen neighborhood
base X=U, 2 U, 2 U; 2 - - - satisfying :
(D) Un — Upir = Uy = Uy for every m, m'.
(2) If we decompose U,—Us into finitely many clopen molecules satisfying (*) of Theorem
3, then every member M of the decomposition is of the form M = wA or M = A with A an
atom,
The topological type of U, — U. is uniquily determined.
Remark. Condition (2) is indispensable for the uniqueness as the following trivial
example shows : Let X=[0, w]and U, =[m, w], U w=[2m, w],m=0,1,2,....
Proof of Corollary 1. The ‘if " part is assured by Proposition 1 . The existence
of such U, has already been verified in the proof of Theorem 2 above. To show the
uniqueness let U, m=1,2, 3, ..., be another such neighborhood base of p and let D,
D' be the decompositions of U1 — Uz and Ut — U's respectively satisfying (*) . We first
prove the assertion that if M € D then Ut — U"; includes a clopen set homeomorphic to
M, and if M' € D'"then U, — Us includes a clopen set homeomorphic to M". In case M
is a single atom of length B , let {a} = M"* ", take m so that a € Uy, - U1 and take a
clopen neighborhood U of a included in M M (U, — U,+1) . Then U = M because M is an
atom.
It follows from (1) that U/ — U7 includes a clopen set homeomorphic to U and
hence to M . If M is not a single atom then, by (2), M is of the form M = 2] 4: with 4;

_12_
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mutually disjoint clopen atoms homeomorphic to a commom atom 4 of length 3 . Write
MY = {x), xs, x3, . . . } with x; € 4, for each i . Take m so that M N U’ =0 , take k
< m so that |M<371) N (U = Uls)| = w and, writing M* " N (U= Ul) = {xi1, X2,
Xis, ... },putU= (U,-"ilAl-j) N (Ut = Ulx1) . Then M = U € U[— U+, . It follows from (1)
that U] — Us includes a clopen set homeomorphic to U and hence to M .

Quite similarly we can find a clopen set of Uy — U; homeomorphic to M" . This
completesthe proof of the assertion. Now suppose to the contrary that U, — Uz = U1 — Us
so that there is 8 <& — 1 admitting an atom 4 of length 8 and an A-molecule M such
that

MEDand M&D',or M&D and MED'.
Combined with the assertion above, this however leads to a contradiction in the same
way as in the last part of the proof of Theorem 3. This completes the proof of Corollary 1.
The first easy application of Theorem 3 is the following.
Proposition 2. Let X be a scattered countable metric space of type (2,n), 1 <n<
w . Then X admits just n + 2 topological types as follows :
nr,ons, kr ®m— ks, 1<k<n—1,andnr ® N
with N the countable discrete space.

Note that a finite points space is absorbed by nr and 7s , and that N is absorbed by ns
but not by nr .

Proposition 3. Let X be a scattered countable metric space of type (2, w) . Then
X is homeomorphic to one and only one of the following spaces :
wr,ws, kr ® ws, 1<k<w ks®owr,1<k<w,andwr® ws .

Note that N is absorbed by wr as well as by ws so that N does not appear in the

decomposition.

3. Classification. Let us start with counting the number of atoms of length 3 .
Theorem 4. The number of atoms of length 3 is nine,

Proof. Let X be an atom of length 3 with {p} = XY =XopandletX=U, 2 U, 2 Us;
= * * * be a clopen neighborhood base of p satisfining (1), (2) in Corollary 1. By virtue
of the uniqueness of U, — U. we have only to count the topological types of Ui — U- . Let
D be the finite decomposition of U; — U into clopen molecules satisfying (¥) . By (2) of
Corollary 1, the molecules which may appear as members of D are the following six :

r, wr,s, s, the one point space and N .
Searching the possible combinations of the six molecules satisfying (*), we obtain the
following nine topological types of U1 — Us.

_13_
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atoms of length 3

examplesin [0, w )

residues

note

X(r)

[0, w’]

c,th

Ic, rh

Ic, rh

ws

ns ®or,1<n<w

wr @ ws

X"

[0, 0] - {w@rn - D|1<n<w}

0

rh

ns,1<n<w

wr

rh

s

nsPowr,1<n<w

wr @ ws

X(s)

3
[0, w"] = C

0

rh

nr,l1<n<w

wr

ws

rh

ns®ws,1<n<w

wr @ ws

X D )

[0, " - C,)U

(wn+wlh<w}

0

wr

ws

wr @ ws

Xlwr)

[0, 0] = Cu

0

rh

ns,1<n<w

ws

X(ws)

[0, "] = (Co U Cup)

rh

X(s ® wr)

[0, w*1—{w’@n—1)+ wmn|

I<n<w,m<w}

X(r ® ws)

([0, 0" = (Co U Cuy, DU
(W +w n<w}

Xwr ® ws)

(10, " = (Co U Cy, )V

(w’m+wn+wm<w,n<w)

Table 1

_14_
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r,r®N,s,rds,

wr,ws,s D or,r® ws, wr Dws.
Consequently the molecule N appears only in #@® N = 7’ because, in the other seven cases,
N is always absorbed. This completes the proof of Theorem 4 .
Let

X(r), X(ry, X(s) , X(r ® s)
Xwr) , X(ws) , X(s D wr), X(r D ws) , X(or ® ws)

denote the corresponding topological types of X .

Let X be a scattered coutable metric space of type (3, 1) and D the finite decomposition
of X into clopen molecules satisfying (*) . By virtue of the uniqueness of D , to count the
topological types of X is to count the decompositions D . The decomposition D is of the
form

D={A}orD={A} U {M:| A € A},
where A is homeomorphic to one of the nine atoms above and M. is a molecule of length
less than 3 . Let us call X — A the residue of A . Each M, is homeomorphic to one of the
following :
nr,1<n<w,wr,ns,l <n<w, ws,N and the finite points spaces .

Choosing the possible combinations among them so that (*) is satisfied, we have
Table 1 giving topological classification of the scattered countable metric spaces of
type (3, 1) . (Recall that, as stated after Definition 3, an atom 4 of length 3 with {p} =
A® absorbs an molecule M of length less than 3 if and only if 4 includes a clopen set
homeomorphic to M and not containing p .) In the table, Cs, B = w, w®, w’, denotes
the set of ordinals less than w1 whose cofinality is 8 . The topology of each example in
[ 0, w1) is that induced from the order topology on [ 0, w1) . The symbols c, Ic, th mean
respectivelly compact, locally compact, rankwise homogeneous. A scattered space X is
defined to be rankwise homogeneous if for each ordinal 8 and x, x’' € X() there is a
homeomorphism h : X — X sending x to x'.

Letus goontothe type (3,k), 1 <k<w .Let4:,1 <i<9,denote in order the
nine atoms of length 3 and for each i, R the set of residues of 4, listed in the table above.
For example, 41 = X(r) and

Ri={0N orws,or®ws} U {ns|I<n<w} U {ns®or|l<n<ow}.
Theorem 5. Let X be a scattered countable metric space of type (3, k), 1 <k< w .
Then X can be written uniquely as
X=Aq1® 4D -+ + DAx® R ,
where | <i; <ip <+« <i<9and R € RyNRzN + + « NRy .

In the case of type (3, w) , almost molecules of length less than 3 are absorbed and

vanish.
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Theorem 6. Let X be a scattered countable metric space of type (3, w) . Then X
can
be written uniquely as

X=X, DR,

wherer € {41, Ao, .. ., Ao} and

Re {0, wr, ws} U {nrin<w} U {ns|n<w},
R = nr is possible only when X; = A3 or Ag for every j ,
R = ns is possible only when X; = A, or A, or 4s for every j ,
R = wr is possible only when X; = A, or As or A4 or As for finitely many j s and
X; = As or Ag for the other j 5 and
R = ws is possible only when X; = As or A4 or A; for finitely many j s and X; =
Ay or A or As for the other ] s .

4. The number of atoms of length 4 . Let p. denote the number of atoms of
length n . As verified before, p1=1, p2=2, p3=9.Compared with p 3, the number
p 4 1s considerably large. In fact a rough calculation gives at least

pa=3"— 1=19682.

This inequality is obtained in the following way. Let X be an atom of length 4 with {p}
=X" andlet X=U, 2 U, 2 Us 2 - - - be a clopen neighborhood base of p satisfying
(1), (2) of Corollary 1. Assume further that the finite decomposition D of U, — U: into
clopen molecules satisfying (*) contains no molecule of length less than 3 . Then the
number of topological types of U; — U is 3’ — 1, the right side of the inequality, where
fhoreach 1 <i<9,the 3  coresponds to the three cases, 4 & D, wA; &Dand 4 i, WA ;
& D.

To determine pa4 , we should take account of the molecules of length less than 3 which
may appear in the decomposition. Consider the following table.

molecules nonabsorbers
N 4,
r A3’ wA3, A6, a)A6
K Al, coAl, A2, wA2, As’ coA5

wr Al’Az’As’ a)AS,A4,A6, cuA6,A8

ws A1’ a)Al, A2, a)A2, A3, A4, A5, a)A5 , A7

Table 2
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The molecules in the first column are those of length less than 3 which can appear as
memebers of the decomposition of Uy — Uz . The second row, for example, means As,
wAs, As, wAs do not absorb r but the others do.

Table 2 tells us :

(1) The following pairs of molecules can not appear simaltaneously as members of the
decomposition of U; — U-.

N&r,N&s, N&or, N&ws,r&s,r& or,s & ws
Indeed, IN and r have no common nonabsorber ; IN is absorbed by s , wr and ws ; r
and s have no common nonabsorber ; » and wr are both r-molecules ; s and ws are both
s-molecules.

(2) r & ws appear simultaneously only if 43 appears and the others do not appear.

(3) s & wr appear simultaneously only if one or two of 41, 4: appear and the others do
not appear.

(4) wr & ws appear simultaneously only if one or two or three or four of 41, 42, As, A4
appear and the others do not appear.

(5) More than two molecules do not appear simaltaneously because one of them
absorbs another.

Thus the number of the decompositions D of U, — Uk satisfying (¥) and containing at
least one molecule of length less than 3 is

1+ -D+@-D+@2'-D+@2 =D+ 1+ 2 -+ (2" - 1)=412

The first five terms correspond to the cases where only one of the five molecules
N,7r,s, or, s
appears. The last three terms correspond to the cases discussed in (2), (3), (4) above.
Adding 412 to 19682 we have
Theorem 7. p4=20094 .
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