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I  

Thepurposeofthispaperistoshowhowappropriatemodelsofspatiai  

SyStemSCanbe derived bymaximizing afunctiondescribingthe entIOpyOr  

information containedin such systems subiectto relevant constraints．This  

approachisspecifical1yrelatedtotheconceptofinteractioninthesystemof  

inferregionalcommodityflows．，Anditcanbeshownthatthemodelswhich  

Canbederived usingentIOpy－maXimizingmethodsareequivalenttomanyof  

themodelsalreadyinusewhichhavebeenderivedempirical1y。Accordingly，  

intheprocess ofthis review，theo＝y・buildingandverificationare the main  

cOnceInS 

ThispaperbeginsWiththebriefdiscussionontheinput－OutPutmOdel－  

Thissectionshows howtolocate theinput－OutputmOdelwithintheframe－  

workofthegeneralequilibriumtheory，andalsoreferstothestillremained  

areasaboutit．InSection3，theLeontief－Stroutmultiregionalmodelisexam－  

inedasoneoftheextensiveexpansionsoftheinput－OutputmOdel。Section4   

Thisis the paperpIepared forRS，606，University of Pennsylvania，（1972） 
ThiswIiterwouldliketoexpresshisappreciationandindebtendness to Dr‖Miller  
foIhis construCtive comments，and to Prof．Miyata，Prof．Tsuchida and Miss  
Ikegamifortheirdevotionbeyondthecallofdutyin the publicationof this paper 
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digsintotheentropy－maXimizingmethodsf工Omtheviewpointofthemodel－  

building．It also evaluates theentropy－maixmizingmOdelfor the original  

Leontief－StroutversionいThepapeICloseswithsomeconcludingremarksanda  

forwardlook  

II  

Theinput－OutPutmOdelisknownasoneofthecentralsubjectsinthe  

fieldofmoderneconomics．Forthepurposeofsimplicity，letusconsiderthe  

si－ngle－region，5tatic，qクeni74，ut－OutPut model”Theinput－OutPut analysis  

COnSistsofthefollowingtheetables：  

1）thetransactionmatrixtable；  

2）theinputcoefficientmatriⅩtable；  

3）theinversematrixtable 

Amongthem，thefirsttableisthemostimportant．Ithasapropertyofdouble－  

entrysystemwhe工eeVeryCellstandsforaninputaswellasanoutput．0wing  

tothisproperty，WeCOmetOObtainaclearideaofthestructuralcharacteristics  

ofoneindustrycomparedwiththeothers．  

However，inordertomakeuseofthetransactionmatrixtablenotonly  

asthedescr・iPtiuedevi－cebutalsoasthean〃gytircaltool，WeuSual1yas＄ume  

thefollowingtechnicala＄Sumptions：  

1）constantreturnstOSCale；  

2）convexityoftheisoquantSurfaces；  

3）fixedcoefficientsofprod11Ction 

Ifwe admit allofthese assumptions，thelatter two tables（i．，e。，theinput  

coefficientmatrixtableandtheinversematriⅩtable）canbereadilycalculated  

toserveasefficienttooIsinavarietyofeconomicproblems．，Therefore，When－  

everweareinterestedintheapplicationoftheinput－OutputmOdel，theseas－  

sumptionsshouldbetheoreticallyaswellasstatisticallytested・・1）  

1）Foェthedetaileddiscussion，SeeIhara（2）   
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Aspreviouslystated，thedevelopmentoftheinput－OutputmOdelstems  

main1yfromeconomics．Thus，forthepurposeofbetterunderstandingthe  

effectiverangeanddeficienciesoftheinput－OutputmOdel，1etuslocatesingle・・  

region，Static，Openinput・OutPutmOdelwithinthegeneralequilibriおmjiame－  

work．．Itisschematical1ypicturedinFigurel。  

FiguIel  

DiagIammaticRepresentationoftheInput－OutputMode12）  
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Considerthe dualproblem oftheinput－Output mOdel．Let w bean  

equilibriumpriceoflabor，andletVbethecolumnvectoroftheaveragevalue・  

added，Whichisdefinedas（wagepaymentperunitofeachoutput）＋（average  

profitperunitofeachoutput）l・Asaresultofcompetition，theequalitybe－  

tweenpriceandcostholdswithrespecttoeachcommodity．Hence，ifweput  

V＝WA；，WhichinturndeterminesthepricevectorPasfo1lows：  

ア＝（才一A′）‾1ぴA；＝〈（∫－A）‾1〉′紗A；．  

Fromthis，WeCOnCludewiththefo1lowingstatements：  

2）Inthisdiagrammaticrepresentation，thewriterdIaWsupon Morishima（7），and   
Dorfman，Samuelson，andSolow（1）．InthisFigure，nOtethattheinputcoe伍cient   
matrixAismeasuredinphysicalunits。FurtheImOre，ifwereplace“Employment”   
bytheprimaryfactorsofprりduction，and“SupplyofLaborHand“WageRate”by   
thesuppliesandpIIicesof theprima工yfactorsof production，reSPeCtively，Wecan   
ViewthischartinamoIegeneralway 
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1）Theinput－OutPutmOdeltakesaroleofonepartofthegeneral  

equilibriumtheory．Hence，itmaybecalledapartialtheor．y 

It should be noted that the generalequilibIium theoIy has a  

sophisticated mathematicalst工uCture，While theinput－Output  

modelisratheropeI・ational，maCrOStatedescription 

2）Fromtheviewpointofthegeneralequilibriumtheory，theinput－  

Output mOdelcan beviewed tohave a peculiar characteristic，  

and henceitis not always effective。Specifical1y，any Price  

changeinducesthechangeininputcoefficientsl・8）However，in  

theinput・Output mOdel，theprice－determining mechani’Smis  

ind密endent qf the output－determini’ng。Thisis one of the  

theoreticalcharacteristicsbuiltintheinput－OutPutmOdel．  

Considertheseparabilityconditions．，Ifweassumethelabormarketof  

the Keynesiantype4）for example，then wecanassertthat theinputcoeffi－  

cientsremainunchangedinacasewheretheinvoluntaryunemploymentsexist 

As theIeSult，theinput－OutPut relation tends to be stable，．The Keynesian  

modelcanalsobebuiltintheinput－Outputframeworkasfollows：  

Fromthisweconcludethat：  

1）TheKeynesianmOdeldealswiththeaggregatevalues。Hence，  

itmaybecalledtheaggregatetheor．ッ 

2）Theinput－OutPut mOdeland the Keynesian modelareSuPPle－  

3）lnageneralcase，anyChangeinwcausesthechangesinP，Whichin t11m CauSe   
thechangeinAandAoInotherwoIds，therelativepricechangesaIenOtallowed   
totakeplaceintheconventionalinput－OutputmOdel 

4）Thelabor marketoftheKeynesiantypecanbew工ittenas follows；．y干y（n） 
productionfunction，W＝y／（n）‖…realwagerateequals the marginalproductivity   
oflabor，W＝1坑＋W（n）whereW＝Pw・‥‥1aborsupplyfunction・TheKeynesian   
modelhas alaborsupply function，Whichrelates thelabo工Offered to themonqγ  
Wagerate（insteadoftherealwagera．te），anditintroducesanin．fle12：iblerate勒   
foremployment belowacertainlevel嘉”In acaseofthisin負exiblemoneywage  
Iatel坑，theexcesssupplyoflabordoes notinduce thedecreasing changeinwage   
rate，hencetherelativepricechangesdonottakeplace 
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Figur・e2   
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 mentarlyOne肇nOther，butnotalwayssowhenviewedfromthe  

theoreticalbaseanddatacheck 

3）TheresultsareonlyidenticalundeIthefollowingspecialcondi－  

tlOnS；  

i）Anyrelativechangein NationalIncomeProduced（which  

isdisaggregatedatsectorbase）does notcausethechange  

intherelativeshareoftheNationalIncomeRecieved 

ii）There are no significant differencesinthe propensityto  

consumeforeachclass 

WhenweturntothestateoftheinterreglOnalaswellasintrareglOnal  

economy，thesituationsseemtobemorecomplicated・IForthisreason，aCOn－  

sistentandsystematicwayofapproachishigh1yrequiredtotacklethecompli－  

catedsituations．Althoughthereare afewmethods tograspthe economic  

structure，hereweemploytheinPut－OutPutmodelamongothermethods，and  

seti■tatthebaseforourstudybelow 

Asfortheorientationofhowtodeveloptheinput－OutputmOdel，WeCan  

suggestthefollowingtwobigcategories：  

1）Intensiveexpansionoriented；  

Toclosethemodelwithrespecttotheexogenous sectors（e 

g．，households）；tOCOnVertthestaticmodelintotheoperation－   

OLIVE 香川大学学術情報リポジトリ



香川大学経済学部 研究年報12  ヱ972  － β∂ －  

aldynamiconecontainedthecapitalcoefficient＄；theimpact  

analysiswithanaidofthevariedintersectoralmultipliers，etC・  

2）Extensiveexpansionoriented；  

Tolinktheinput－OutPut mOdeltothe otherkind ofmodels，  

suchastheeconometricmodels，thelineaIPrOgrammingmod－  

el，theindustrialcomplexanalysis，thegravitymodel，etC”  

Thelatteristhelinewhichwenowpursue。  

ⅠⅠI  

Asregionaleconomic researchhas expandedinrecentyears，input－  

outputhasbeenusedasthebasicresearchtoolformanyoftheregionalstud－  

ies．．Theeconomicanalysisusual1yhasbeenrestrictedtoanisolatedregion，  

althoughsomemultiregionalinput－OutputStudieshavebeencompleted・・The  

lattergenerallyaremore difficult toimplement，because thcdata require－  

mentsaregreater．Whenweareconcernedwithinterregionaltrade，informa－  

tionontheflowsofgoodsandservicesamongregionsalsomustbeassembled・  

Spatiallydifferentiatedgeneralequilibriummodels havebeenusedto  

estimatetheinterregionaltradeflowsforaggregatecommoditygroups”Moses  

（1960）testedalineaI・PrOgrammingmodelexplainingshipmentsofal1goods  

withintheUnitedStates，buttheempiricalresultswerenotveryreasonableい  

Thelinear pI・Ogrammingmodelgeneratesimplausibleresults，eSPeCial1yin  

caseswherenon－homogeneousproducts mustbecombined，Sinceforcompo－  

siteproductsmuchcross－hauling（simultaneousflowsofthesamecommodity  

betweentworegions）general1yisobserved…  

Morerecently，agraVitytrademodelhasbeenadvocated byLeontief  

爵ndStrout（1963）forusewithinaspatial，generalequilibriummodel，because  

itI・equiresonlyaminimumofbasic，factualinformation，andalsopermitsthe  

OCCuITenCeOfcross－haulsamongreglOnS・・  

The gravitymodelwasfirst discussedfor usewith regionalinput－   
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OutPutmOdelsbyIsard（1960）asapossiblemeansofestimatingcommodity  

shipmentsl・In1963，LeontiefandStroutpresentedaformofthegravitytrade  

modelwhich canbereadilyimplemented fo工 amultiregionalinput－OutPut  

analysis．5）  

ソⅥ．・⊥…′J／／りこ．＼／／＝〃／（∫●／．J．J′・、・ハ＿“／．．1J．′．／．ゾ  

TheLeontief－Strout gravitytrademodelisspecifiedbythe following  

basicsetsofequations：  

（1）．漂い＝∑αふ．ポ．十γ㌢  

（2）・ポア＝ニ∑堵  
7  

（3）ギい＝∑堵  
も  

瑠£笥  
（4）補い＝－一丁－ ・媚  

∫？！  

wherem，n＝1，2，…，p：i，j＝1，2，．．．，q，  

媚＝0．．  

Thenotationusedintheequationsincludes：   

堵 theamountofcommoditymproducedinregioniwhichisshipped  

toreglOn］，   

．r笥 thetotalamountofcommoditymdemandedbyal1finalandinter・  

mediateconsumersinregioni，   

．ポ．thetotalamountofcommoditynproducedinregioni，   

．2：だ thetotalamountofcommoditymproduced（consumed）inal1re－  

glOnS，  

5）Sincethis modelcombines theinterindustIy mOdelanda gravity transportaion   
model，regionaloutputsandinterregionalshipmentsofcommoditiesaredetermined   
simultaneOuSlyHowever，aCOnSistent set of regionalinput－Outputtables with   
interregiona180WS SpeCi丘ed should beavailable．fbleenske（1970）desc工・ibes the  

implementationofthecompletemodelofthis typeinamultiregionalinput－OutPut   
analysisoftheJapaneseeconomy 
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．y㌘ thetotalamountofcommoditymdemandedbyfinalusersinre・  

glOnZ，  

a㌶n theamountofinputofcommoditymrequiredbyindustrynlocated  

inregionitoproduceoneunitofoutputofcommodityn，  

q； atradepaIameterWhichis afunctionofthecostoftranSferring  

COmmOditymfromreglOnitoreglOn］，  

P thenumber・0董commodities，  

q thenumbeIOfreglOnS．  

Thefirstequationshowsthatabalanceexistsbetweenthetotalamount  

ofcommoditymdemandedbytheintermediateandfinaluserswithinaregion  

andthetotalamountsuppliedtothatregion．，ThesecondandthiIdequations  

definethetotalproductioninregioniandthetotalconsumptioninregionj，  

respectively．Thefourth equationstatesthattheshipmentofcommoditym  

fromregionitoregionjisproportionaltothetotalproductionandtotalcon－  

sumptionofcommodityminthetworegionsrespectively，andinverselypro－  

poItionaltothetotalamountofcommoditymproducedinallregions．・6）  

TheaboveequationsystempermitssimultaneOuSShipmentsofthesame  

commodity to occurin both directions between two regions〝InanaCtual  

economy，CrOSSShipmentsof aproduct are often obseIVedbecause datafor  

commodity shipments are not assembledfor strictly homogeneous products  

andareavai1abieonaregional，ratherthanapoint－tOPOint，andonanannual，  

ratherthanamonthlyoraweekly，basis。  

Themultiregionalsystemiscompletedbysubstitutingtheinterregional  

tradeeq（4）firstintoeq…（2）andthenintoeq‖（3）：  

6）Since thenonlinearinterTegionaleq・（4）ishomogeneousofdegreeone，prOpOI－   
tionalchangesin regionaloutputs and supplies causeinter工egionalshipmentsto   
varybythesameproportion   
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．ポで∑（，£等q芸）  
r  

（5）・漂＝写・堵＝  
7  

＋堵，  
．l・けI   

均∑（ガ㍉浣）  
r  

（6）瑠＝∑堵＝               感  ，l、て1－  

WheI・e職，媚＝0 

Eq”（6）canberewrittenwithi’substitutedforj：  

£等∑（ガ㍉浣）  

十£蒜，  （6）′瑠＝  
、l・川  

where（7詣＝0．．  

Eq．．（5）showsthatthepIOductionofcommodityminregioniisequaltothe  

totalamountofcommoditymproducedandsoledintheIegionplusthepro－  

duction sold toother regions‖Ina corresponding way，eql・（6）or eq…（6）′  

indicatesthattotalconsumption ofcommodity minregioni’is equaltothe  

totalamount ofcommodity m producedand usedin the region plus the a－  

mountimportedforconsumptionfromotherregions‖  

Assuming the finaldemands（．y㌢），the technicalinput coefficients  

（a㌶n），andthetradeparameters（媚）areknown，themodelisusedtodeter－  

minethetotalproductionofeachcommodityinregioni．（漂），thetotalcon－  

sumptioninregionj（均），andtheamountofthecommoditypIOducedand  

usedinregioni’（．21g；）．  

Figure3  

RelationsbetweenEquationsandUnknowns  

b）Unknowns   
エ㌢ …♪9  

a）Equations   

（1） り・・クす   

（5）・ク曾   

（6） …ク曾  

仇
．
り
 
仇
‥
l
も
 
 
 

I
 
r
 
 

3ク曾  3ク9  タ曾   

Inordertoimplementthemodel，thebasicsystemofequationsisreworked   
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intoasimpler，mOreOPerationalform。77wfirst．st＠istoreducethenum－  

berof equations and unknowns．．77LeSeCOnd st密invoIveslinearizingthe  

structuralinterreglOnaleqations 

凡17ご八・／J．りJ＝／／Jい・J〃′川／，りり／こ・．JJ・／．ノイバ  

Thereductionisaccomplishedbysummingthetwosetseqs．，（2）and  

（3）aboveoverallregionsandsubtractingonefromtheother．．Bythispro・  

cedure，thepqvariables堵canbeeliminated～  

Eq・．（7）showseqs1．（2）and（3）summedoveral1regions：  

（7）∑漂＝∑∑い環＝写£笥＝£㌘， ぜ£．タブ  
where刀官＝＝1，2，．‥，ク 

Eqs．．（5）and（6）′canberewrittenas：  

（8）．ガ㌧ピー′エ㌘∑（ノズ等曾等）＝瑠だ∴∵ポ∑（．蝶ヴ㌶），  
r  r   

9）と  

wheI・e〃7＝＝1，2，．‥，ク：よ■＝1，2，‥．，q：勉＝0．  

Sincetheintraregionalflows，theT㌶’s，havebeeneliminated，Only2pqvaria－  

blesremaintobedeterminedbythe2pqequations．Infact，Poftheequa－  

tionsareredundantineqり（8）sinceanyoneoftheqequationsfoundbysum・  

mingoverregionsineq。（8）canbeobtainedfromtheotherq－1equations 

Sincefromeq巾（7）thetotalsupply ofcommoditymmust equalthe  

totaldemandforthecommodity，additionalprestrictionsmustbeconsidered  

paItOfthesystem：  

（9）∑・げ＝写沼  
も  

whe工・e〃7＝＝1，2，．‥，ク 

Eqs“（1），（8），and（9）constituteasystemof：抄qequationsin2pqunknowns小  

FiguI・e4  

RelationsbetweenEquationsandUnknowns  

b）Unknowns  a）Equations   

（1）…ク曾  

（8）幽 
t）   

（9）…・ク  

げ  

抄曾   堵   
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山肋，‘汀Jこ‘‡わ（川（イ〃h，Jん（J‘イ  

Thenextprocessistolinearizethepqstructuralinterregionaleql（8）・  

Themethodusedistoexpressalltheendogenousandexogenousvariablesas  

deviationsfromtheirbase－yearValues：  

（10）．漂＝漂＋△漂，  

（11）£笥＝鶉＋・△℃笥，  

（12） ッ㌻＝．γ㌢＋△γ㌢，  

whe工e〝1＝1，2，．‥，ク；よ＝1，2，‥．，甘い  

Abarredvariablerepresentsthebase－yearValue・All△／ssignifydeviations  

fromthebase－year magnitude．．Fromeqs”（5）and（6）′，Wehaveeq・（即＝  

Then，tOObtainalinearapproximationofeq”（8），WeSubstituteiniteqsl・（10）  

and（11）．  

Intheresultingexpressionalltermscontainingaproductoftwobarred  

letterswi11cancelout，becauseeq”（8）holdsforthebaseyear，andallthe  

productsoftwodeviationsofvariablescanbedroppedbecausetheyrepresent  
second－Orderterms‖ Thustt？efirst・Orderapproximationofeq”（8）takesthe  

formofthefo1lowingsetoflinearrelationships：  

（13）∑〔△瑠諭愕〕－∑〔△。漂Ⅳ謁〕＝0，  
γ r  

wheI・e刀甘＝＝1，2，‥．，ク：∠＝1，2，‥．，（曾一1）．、  

ThenewconstantSMandNareintroducedtosimplifythefoImOfthesee－  
quations：  

‡  

‡  

（ifγ・≒左■）  

（ifγ・＝よ－）   

（ifr・キ∠）   

（ifγ＝∠■）  

．ご㌢（1一緒）  

恵一妄？＋∑（妄㌢官設）  
ぎ  

鶉（1・－ヴ謁）  

言霊－妄で＋∑（妄篭曾器）  
さ  

ユJ；；＝  

Ⅳ謁＝  

wheI・e q器＝0り  

Inpassingfromeq．（8）toeq。（13），Wehavedroppedthepequationswiththe  

subscript5＝q，because，aSisdemonstratedabove，theycanbeconsidered   

OLIVE 香川大学学術情報リポジトリ



香川大学経済学部 研究年報12  J972  － ＆6 一－  

toberedundant  

Finally，aCOmpletelinearsystemcanbewrittenas：  

（1）ポ■＝∑αふポ．＋．γ㌘，  
彿  

wheI・e〝‡＝1，2，‥．，♪：∠＝1，2，‥．，ヴ 

（9）∑ポ上＝写瑠（≡£㌘），  
1 t  

whe工・e〝富：＝1，2，．‥，ク 

（13）∑（△瑠凡才買）－ ∑（△ポ∵Ⅳ莞）＝0，  
γ γ  

wheIe〝‡＝1，2，…，ク：去－＝1，2，…，（9－1）．  

FiguIe5  

Relations between Equations and Unknowns 

a）Equations  b）Unknowns  

（1）・…ク曾  

（9）－・♪  

（13） ‥♪  

こニ  ト  

二  

ThecorrespondingchangeSinal1intraIegionalflows△lT芸，andinter－  

regionalflows△T鍔，Canbedetermindbyinsertingthepreviouslycomputed  

valueso董△漂and△均intoequations（4）and（5），Oreq・（6）′‖  

ⅠV  

l．OntheConceptofEntropy7）  

ThemeasureoftheuncertaintywasgivenbyShannOnaS  
れ  

（14） 5（れク2，‥．，ク乃）＝ 一点∑ク高㌦A，  
ざ＝1  

whe工eゑ≧0．．  

Thisisdefinedtobetheentr（ゆyoftheprobabilitydistributionPl，P2，．．．，Pn．  

7）InthissectionwedrawheavilyuponWilson（9），Appendixl・・However，Since   
hisexplanationhassometroublesinusingnotations，Wehavesomewhat modified  
it   
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Theproofthatthisisaunique，unambiguousmeasureofunce＝taintycanbe  

sketchedasfollows：  

Wewant aquantity S（Pl，P2，．．．，Pn）to representtheuncertainty  

associatedwith aprobabilitydistributionPl，P2，．．・，Pn．Only three condi－  

tionshavetobesatis王ied：  

1）Sisacontinuousfunctionofthepi 

2）Ⅰ董allpiareequal，  

（15）A（乃）＝S（，，…・，）  
isanincreasingfunctionofn．8）  

3）Supposeeventsaregroupedinvariousways，andlet  

郷1＝ク1＋ ♪2＋ ‥．＋クた  

犯
 
♪
…
≡
♪
 
 

十
 
 
 
＋
 
 

ひ2 ＝クた＋1＋  
（16）  

祝叛＝ク勒ヰ1＋  

Thenpllwl，P2iwl，…‥aretheconditionalprobabilitiesoftheevents  

（£1，£2，…，ごた），（鞠．1，…‥，£乙），…．，（．‰‖“‥．，∬乃）‖9）  

WerequirethatthefollowingcomPosi．tionlawbesatisfied‥  

（17）5（れク2，．‥，ク彿）＝5（wl，W2，‥．，W九）  

＋ひ15（♪1lひ1，ク2iwl，．．，動lひ1）  

＋w2ぶ（少叫1！ひ2，‥．，クェlてぴ2）＋ ‥‥‥‥‥‥  

＋w九ぶ（ク例ヰ1lw／ゎ．‥，ク循lぴん） 

Becauseofconditionl），WeOnlyneeddetermineSforrationalvaluesofwゎ  

Jり  

九  
∑ガタ  

プ＝1  

（18）Ⅵ〃＝  

wheretheniareintegers．  

Thefollowingchartmaybehelpfultounderstandthissituation”  

8）Ea血eventco‡TeSpOndstothesamplepointwhichhastheequalprobability・ 
9）Condition3）isintroduced togivethepropertyoftheprobabilitytothefunction   

∫   
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Figu工e6  

RelationsbetweenEventsandCompositeEvents   

a）NameofEvents  

（．ズ1，£2，・…・，ガた），（£如1，．．，£乙），‥，（£わ‥，エかj），‥，（一方仇．1，．1，£乃） 

b）NumberofEventsinGroupj（j＝l，2，…，h）  

乃1  乃2  ，…，  乃．7  ，…り  乃た 

c）NameofCompositeEvents  

，芯  ，  Ⅹ2  ，…，  Ⅹグ  ，1・，  よム 

d）ProbabilityofCompositeEvents  

こび1   〉  乙び2   ，・り〉  Z且lプ    〉‥J  抄ね 

九  
Then，WeCanViewthis asfollows：．2：7CanOCCurnプtinleSOutOf∑nj  

ブ＝1  

equalpossibilities巾 ThatlS，We Can COnSider our euentS．Tl，．X2，．．．，．rh aS  

themselvescompositeeventsoutofnl，n2，．‥，nh equalalternatives。Thus，  

COndition3）gives  

（19）ぶ（ひ1，W2，‥．，Wん）＋・∑い泌75（れ11ひわ．．．，ク輌1ひブ）  

＝5（β1，ク2，………………．， ク乃） 

Inparticular，WeCanChooseal1nグequaltom，10）soeqり（19）reducesto  

（20）A（ゐ）＋A（∽）＝A（∽ん） 

Itcanthenbeshownthattheonlyfunctionwhichsatisfiesthisandcondition  

2）is  

（21）A（∽）＝尼g花（桝），  

whe工・eゑ≧0 

Substitutefromeq．，（21）intoeq。（19），tOObtain  

（22）ぶ（ひ1，紗2，‥，び九■）＝ぶ（れク2，‥，♪花）一軍W7ぶ（クプ1lぴゎ‥，Aれト㍑タ）  

＝ゑん牒－ゑ∑ぴグg乃乃ブ  

＝－ゑ（∑耽畑㍍和一g花乃）  
7  

10）ThismeanSthatineq”（18），Wj＝－－－一望」＝＝意 
乃  ・  
∑Jり  

グ≡1   
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＝－k（写Wilnnj－∑wilnn）since∑コw7＝1，  
ノ ブ  

＝一点写ひグgル（乃グー・乃）  
J  

ブ ＝－ゑ∑ひグg犯ヱL ナJ  

＝－ゑ∑w′g几Wグ         ー、  usingeq”（18）．  

Thus，ingeneral，theentropyofaprobabilitydistributioncanbedefinedas  
れ  

（14）S（れク2，‥．，ク犯）＝－ゑ∑タグg乃タグ．  
グ＝1  

Thisisaunique，unambiguouscriterionfoI・theamouniqf’uncertai’ntγrePre－  

sentedbyadiscreteprobabilitydistribution。11）  

Italsoagreeswithourintuitivenotionsthatabroaddistributionrepre－  

sentsmoreuncertaintythandoesasharplypeakedone．LetXbearandom  

variablewhichcantakevaluesXl，X2，andX3WithprobabilitiesPl，P2，and  

P3，reSpeCtively．  

FiguIe7  
HypotheticalExample  

a）NameofEvents：   Xl， X2 ， X3 

b）Probabilities：  Pl ， P2  P3”   

IfweareconfidentthatXIWillsurelyoccur，thenitisquitenatuI・althatwe  

wouldassigntoPlandOtotheotherprobabilities，P2，andp8．Inthiscase，  

theentropyas ameasureoftheuncertaintycanbeevaluatedas  

（23）ぶ（1，0，0）＝－ゑ（1J花ユ＋0んクg＋OJ花ク∂）＝0小  
ク2・→0  ♪8一斗0  

0ntheotherhand，ifwearenotquitesurethatany．‰willmostprobably  

occur，thenwewouldassigntheequalprobability（inthiscase）toevery  
randomvariable（Xi：i’＝1，2，3）小  

11）AsforacontinuousprobabilitydistIibution，theentropycanbedefinedby   

ぶ（Ⅹ）＝一・5ニ／（Ⅹ）㍍（Ⅹ）dX   
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Theentropycanbeevaluatedas  

（24）5（）＝－ゑ（g柁＋g循＋z花）＝1・12）  

ItisnowevidenthowtheentropyplaysaroleofcIiterionfortheamountof  

uncertainty，Whichagreeswithourintuitivenotionsandmeetstheproperties  

includedintheconceptoftheprobability 

2．DeIivationo董theGravityModelusingEntropy・maXimizingMethods  

2．1．TheGravityModel  

Anyde＝ivationofthegravitymodelisbasedonanalogiesbetweenspa－  

tialinteractioningeogIaphyandspatialinteractioninclassicalphysics”Let  

X㌢andY㌢bema5SeSOfcommoditymrelatedtotheoriginanddestinationof  

aspatialinteractionbetweenregionsiandj．Thetransportcostofaunitof  

COmmOditymisdefinedtobec詣andthiscanbeconsideredtobeadistance 

AstrictlyNewtonianinteractionwouldthenbean堵definedby  

ヽ 1’、、  
（25）堵＝広軌  

（‘・箭）2  

whereKmisanormalizingfactorwhichensuresthat  

（26）∑∑堵＝写Ⅹ㌢＝∑y㌢＝Ⅹ鵜 

Thatis，  

（27）属ヤ＝  
ズ旭  

∑∑〔Ⅹ㌢y㌢／（環）2〕 
名プ  

Thefirstdevelopmentofthismodelistoarguethatgeographicspatial  

interactionforcommodityflowsmaywellbegovernedbyageneIaldistance  

functionotherthantheinversesquarelaw 

Themodifiedgravitymodel13）isthen  

12）Theparameter“k”issodefinedtomakeSunity 
13）Notethat wehaveallowedinournotationforthe possibilityofadifferent士unc・   

tion董oreachcommoditygroup 
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（28）・堵＝だmX㌢y㌢／m（c・鍔），  

wherej肌（c笛）issomedecreasingfunctionofc謁，  

KnLisnowcalculatedfrom  

Ⅹm  
（29）疋恥＝  

∑∑Ⅹ㌢y㌢／皿（帯） 
乞  ブ  

2．2．ClassificationoftheBasicCases  

Furtherdevelopmentispossible，but，aSaPreliminary，We muStinter－  

pretourtermsverycaIefully”Strictly，amOdelofinterregionalcommodity  

nowsprovidesestimatesofr鍔，andhence，OfげT笥，andlX？・However，XT，  
ヽ  

andpossibly．漂andxr；，maybeestimateddirectlyfromindependentmodels，  

andinournotationwehavecalledsuchestimatesXm，X㌢，and y㌢，reSpeC－  

tively 
Therearefourpossiblecasestobestudied：   

Case（1）thereisanindependentestimateofXn，butnotofX㌢orY㌢ 

Case（2）thereis anindependent estimateofX㌘（which determines  

Xln），butnotofYア 

Case（3）thereis anindependent estimateof YT（which determines  

X仇），butnotofX㌘．   

Case（4）thersareindependentestimatesofbothX㌢andY㌢（madein  

suchawaythattheydetermineXmandthat∑X㌢＝X彿and  
も  

∑y㌢＝Ⅹm） 

WecannowcarryoutafurtherappraisaloftheNewtonianformofthe  
gravitymodelpresentedineq，（28）‖ Notethatineqsh（28）and（29），X㌢  

shouldbereplacedby．緒，and Y㌢byギ，incaseswheretheyarenotinde－  

pendentlyestimated。SinceanestimateofXmisassumedtoexistinal1cases，  

anequationoftheformofeq。（29）canalwaysbeusedtoestimateKm 

Thus eqs．（28）and（29）representthe Newtonian gravity modelfor  

case（4）andcaneaSilybesoIveddirectlyfor堵・IForeachofcases（1），（2），  

（3），themodifiedversionsofeqs。（28）and（29）1eadtoquadraticequations   
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in・2＝箭whichcannoteasilybesoIved・  

Consider case（4），Which may be calledthe origin－destination－COn・  

strainedmodel，becausethefo1lowingequationsshouldbesatisfied：  

（30）∑・堵＝Ⅹ㌢，   

（31）∑環＝yア・・  
‘  

Then，WeCanfindasetofnormali2：ingfactorstoreplacethesinglefactorKm  

whichwillensurethateqs．，（30）and（31）arealwayssatisfied巾  

DefineasetoffactorsA㌻andBTandthenmodifyeq・・（28）toread  

（32）ヱ・㌫＝A㌻βアⅩ㌻y㌢／加（‘・箭）・・  

ThefactorsA㌻andB㌢canbecalculatedbysubstitutinglヱ謁fromeq“（32）into  

eqs”（30）and（31），reSPeCtively”  

Thisgives14〉  

（33）A㌢＝【：写βアyデ′仇（環）〕‾1， †  

（34）β㌻＝〔∑A㌻Ⅹ㌻′m（環）二〕‾1， 宜  
andeqs。（33）and（34）canbesoIvediteratively・・  

2．3．EntropyassociatedwiththeCommodityFlows  

Theentropymaximizingprincipleoffersageneraltool・・Ifasetofvar－  

iablesaretobeestimated，SuChasthe且ows堵，andiftheknownconstraints  
on．T詣Canbeexpressedinequationfrom，thentheentropyofaprobabilitydis・  
tributionassociatedwith・環canbem争Ⅹimizedandamaximumprobability  
estimateof環obtained・Beforeweusethisgeneraltooltointegratethegrav－  

ity andinput－OutputmOdels，itwi11be mor・e uSefu1to showhow to gravity  

modelpresentedin Section4‖2。1・・Canbederived，aTldthiswi11fuIther  

14）A㌢signi丘estheconstant associatedwithorigin，WhileB㌢signi丘es the con－   

stantassociatedwithdestination Notealsothatc詣shouldbeinterpretedasagen・・   

eIalmeasure ofimpedance，aS traVeltime，aS COSt，OI・mOre eHectivelyas some   
weightedcombinationofsuchfactorssometimesrefeITedtoasagenerali’2：ed‘OSt 
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deepenourunderstandingofthegravitymodelitself 
Inadditiontotheconstraints（30）and（31），WeaSSumethatatotala・  

mountCmisspentontranSpOrtingcommoditym 
Thatis，aSaCOStCOnStraint，  

（35）∑∑・ズ詣c謁＝Cm 

Letusfindthematrix〈r器〉whichhasthegreatestnumberofstates，  

sayw（〈r箭）），Subjecttotheconstraints（30），（31），and（35）‖ Thenumber  

ofstateswhichgiverisetoamatrix〈x笛〉canbeobtainedasfollows‥  

SupposeXmisthetotalamountofcommoditym，（i’一e”，X仇＝∑∑l環）・ 名グ  
Howmany assignmentsofcommoditymtobo・TeS OfFigure8giveriseto  

：′、；ナ  

FiguI・e8  

0Iigin－DestinationTable  
（inasinglecommoditycase）  

destination j  

OTlglni  

Firstlywecanselect．2＝TifromXm，．r詣fromXれ一・l瑠，etCり，andsothenumber  

ofpossibleassignments，OrStateS，isthenumberofwaysofselectingrrifrom  
Xn（X仇C．T箭），multipliedbythenumberofwaysofselecting・2＝詣fromX仇－I  

．r箭（X肌－r筑Cr詣），etCn Thus，15）  

15）ThisresultisindependentoftheorderinwhidltheboxesofFigure8areconsid”   
eIed．   
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（Ⅹ肌－ご貰）！  
Ⅹ机！   

（36）Ⅵ′（〈堵〉）＝  
£n！（Ⅹ勒－£琵）！㌃詣！（Ⅹm－．£箭一一塊）！  

Ⅹm！  

〝′．！  

WenowmaximizeW（（2：謁〉）subjecttoeqs”（30），（31），and（35）inorderto  

findthemostprobable 〈r箭）lInfact，anymOnOtOnicfunctionofⅥ′（〈T謁〉）  

canbeusedtogivethesameresult，andforconveniencewemaximizeln（W  

什堵〉））－－－WeWritethisasln（（W蒜‡）hereafter”Subjecttoeqsい（30），  

（31），and（35） 

WenowhavetoshowthatthemeasureofunceItainty，Whichisrestated  

hereforconvenience，  

（14）5（れク2，‥・，ク臥）＝－ゑ写ク石㌦丸  
亀  

isthesameasthatintroducedabove 

Define  

′、、  
（37）〆プ＝  

Ⅹmり  

Then，fromeq．．（36）  

（38）㍍（〈Ⅵ′箭〉）＝㍍Ⅹサト∴∑∑ん堵！ 乞グ  

＝J犯Ⅹ勒！－∑∑（堵㍍堵－堵） £ブ  

aftertheuseofStirling’sapproximationforln堵！16）  

ThiscanbewrittenintermsofpijaS  

（38）′ ㍍（〈Ⅵ′箭〉）＝g花Ⅹ勒！－∑∑〔ク箭Ⅹm（g花ク箭＋g花Ⅹ仇）一夕詣Ⅹm〕 乞タ  

＝g花Ⅹm！－Ⅹm写写ク笛んク箭－（Ⅹmg弗Ⅹm－Ⅹm）軍事ク笛                                        も 7                                 も7  

16）Stirling’s approximationcanbeusedto estimatethefactorialterms，i一e”，lnN！   

＝jVんいⅣ－・入r   
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＝（g乃Ⅹ？氾！－Ⅹ椚g几Ⅹm＋Ⅹ仇）－Ⅹm∑∑ク箭g乃♪箭 
宜ブ  

Hence，maXimizlng  

ぶ（♪㌫，♪詣，‥…）＝－∑∑♪詣J柁ク鍔   
iグ  

subiecttoeqs．（30），（31），and（35）－－－Whichcanbeexpressedasconstraints  

Onthep謁usingourdefinition（37）－”Willleadtoanestimateof堵whichis  

thesameasthatgivenabove”Inshort，ln（〈Ⅵ′鍔〉）andSarelinearlyrelated 

2．4．FormulationanditsSolution  

Ourproblemunderstudycanbeformulatedasfollows：Maximize17）  

（39）5＝－∑∑㍍堵！ 乞  
ブ  

subject to 

（30）写・r鍔＝Ⅹ㌢  
7  

（31）写一ご鍔＝y㌢  
t  

（35）亭写堵・C・帯＝C∽ 
も7  

釣γ5才一0γdeγCo乃diわ■0乃S  

Toobtainthesetofl堵which maximizeseq・・（39）subjecttothecon・ 

Straints（30），（31），and（35），theLagrangeanfoImhastobemaximized：  

（40）エ＝鵬∑∑J花・ズ符！＋写j（き）（Ⅹ㌢一軍堵）十耳j（写）（y㌢一 
官ブ 

事′£鍔）  
も 甘 も 

＋／∠m（C↑花－∑∑堵・C鍔）  
£グ  

whereス（i），ス（写〉，andFL肌areLagrangeanmultipliers 

Thefirst－Orderconditionsare18）：  

17）ItisallowedtousethisfoImOfS，Sincemaximizingln（（明”）－－－thele壬thand   

Sideofeq（38）－－－givesthesameanswerasusing－∑∑ln堵！－－－thesecond 官   
7   

termoftheIighthandsideofeq（38），SOlongas∑∑12＝詣＝XTn＝COnStant 
官グ  

18）Forthederivationofeq（41），theStirling’sapproximationisalsousedasfollows：  

ん」V！＝jVん∴Ⅳ－・凡∂㍍Ⅳ！／∂Ⅳ＝ん∴V＋Ⅳ・－・1芸′拘Ⅳ   
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（41）－些ニ＝－ん．環－ス（；〉－ス（写）－“m‘・謂＝0，  
∂・堵  

（42）ニ－＝Ⅹ㌢一軍堵＝0，  
∂ス（；）  7  

（43）ニL＝y㌢一軍・堵＝0，  
∂ス（写） も  

（44■）＝C勒・－・∑∑だ蒜c帯＝0小 名タ  

F工Omeq．．（41）  

（45）．堵＝eXp（Ⅶス（…）－ス（写）－“m‘箭）・  

Substituteineqs。（42）and（43）toobtainス（…〉andlく写）‥  

i （46）Ⅹ㌢＝写・玲＝写exp（－ス（…）－ス（写）－〃勒‘㌶） 7  

＝eXp（－ス（；））〔2：exp（－l〈写）－／L仇c笛）〕・・  
7  

日ence，  

（47）exp（－l（；））＝X㌢〔写exp（－l（写）－FLmC㌶）〕‾1  
7  

Simila工・ly，  

（48）yア＝写1£帯＝写exp（－ス（…）－ス（写）－〃仇c鍔）  
も t  

＝eXp（－l（号））〔写exp（－）（；）vFLmC㌶）〕・  
も  

（49）exp（－l（写））＝Y㌢〔写exp（－）（；）－FLmC鍔）〕‾1  
も  

Toobtainthefinalresultinmorefamiliarform，Write  

exp（－ス（き））  

（50）A㌢＝  

（51）β㌢＝   

andthen  
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（52）・筍㌢＝A㌘β㌢Ⅹ㌢y㌢exp（－〃mC・㌶），  

wheIe，uSingeqs．．（47），（49），（50），and（51）  

（53）A㌢＝〔写β㌢y㌢exp（－〃勒c笥）〕‾1，  
ク  

（54）β㌢＝〔亭A㌢ズ㌢exp（－〃仇c・箭）〕‾1  
亀  

Thismodelisnowequivalenttothatgivenineqs．（32）through（34），  

withthenegativeexponentialfunctionexp（－FL7nc詣）replacingthegeneral  

functionf勒（c謁） 

Thestatisticalderivationconstitutesanewtheoreticalbaseforthegrav－  

itymodel．Thisstatisticaltheoryiseffectivelysayingthat，giventotalamounts  

oforiginsanddestinationsforeachzoneforahomogeneouscommoditym（i 

e・，X㌢，YT），giventhecostsoftranspoItingbetweeneachzone（i’1・e・，C箭），and  

giventhatthereissomefixedtotalexpenditureontransport（i。e．．，Cm），then  

thereisamostpIObabledistributionofcommodity80WSbetweenzones，and  

thisdistributionisthesameastheonenormallydescribedasgralUitymodel  

distributionu  

2．5．Sufficiency－teStfoItheSolution  

The sufficientconditionsfor distinguishing maximafrom minima re－  

quirenegativedefinitenessoftheborderedHessian－1ikematrix．Forthepur－  

pose o董the sufficiencytest，1et the numberofregionsbeqasinSection3 

Then，OurOb3ectivefunctiongivenbyeq．（39）canbewritteninmoregeneral  

foI・maS  

（39）′ －∑∑ん堵！→／（£蒜，脇………・， 
£タ  

堵）   

Ourconstraintsgivenbyeqs。（30），（31），and（35）canalsoberewrittenas  

∑玲＝ 0→が（一£箭，・焔，…‥，£謁）＝0，  
グ   

∑・堵＝0－一斗か（・堵，・瑠い…・，・環）＝0， ブ   
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亭堵＝0→み汁1（・瑠，工芸，…，堵）＝0，  
官   

軍・環＝0－－一一→槽（だ謁，揚…・，環）＝0，  
も   

†：≡二．  （31）′  

（35）′ C恥一軍写・瑳い・謁＝0→ゐ2叶1（瑠，端，………，環）＝0 
lJ  

Sincewehaveassumedthat ∑X㌢＝∑Y㌢，19）theequationsystem  
も 7  

givenbyeqs。（30）′and（31）′isnolongerindependent・Thus，WeCandrop  

anyoneofthemMSay，thelastequationin（31）′MWithoutlossofgenerality 

Nowasystemof2qlinearhomogeneousequations（ile‖，qOf（30）′plus  

（q－1）outof（31）′pluslof（35）′）inq2variables（i＼e…，l瑠，塊…・，環，・・・  

……，環）canberepresentedasfollows20）‥  

が（r貰，一£詣，………，堵）＝0   

函－1（堵＿1，…．，．‡㌻。＿1）＝0 〉  

ん2す（瑠，．ズ詣，………‥，・瑞）＝0  

0Ⅰ・が（Ⅹ）＝O  

where∠■＝1，2，．，2q．．  

（55）  

TheJacobianmatrixofthissystemofconstraints，hi（X）＝0，isde－  

finedas21）  

‥．，ろもm  
qq  

‥、ムー∴．．  
qq  

咄，・・  

ん‥；、‥  

∂が／∂r箭，……U，∂が／∂・環  

∂ゐ2／∂．だ箭，・……，∂み2／∂瑞   

∂がす／∂．だ㌫，…‥，∂がq／∂・瑞  

（56）J＝  

…………，塘m  
qq  

LetVbetheq2×q2matrixofelements  

19）Otherwise，thesystemofequationsgivenbyeqs”（30）and（31）becomesincon・  
sistent 

20）Thenumberofequations（2q）shouldbelessthanthenumberofvariables（q2） 
TheexistenceofmoIeequationsthanvariablesalwaysimplieseitherredundant   
equations（■whichcanbedropped）0Ianinconsistentsysteminwhichnotallequa－   
tionscanbemetsimultaneously．FoIthisreason，q≧2 

21）TherankoftheJacobianmatrixmustbe2qinthiscase 
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2¢一1  

∂ズ㌶∂・ズ箭 豆＝1  
∂ツ■ （57）ひ榊＝－－－一針ヤ嗅潤一息ス（亨）輝㌫一軒幣，帰  
whichmeansthesecondpa工tialsorcIOSS－Partialsoff（orS）1essthesumof  

thosesamepaItialsorcross－Partialsineachoftheconstraints，eaChmultiplied  

bytheLagramgeanmultiplierforthatconstraint 

Thus，theborderedHessian－1ikematrixis  

O J＊  
（2qx2q）≒（2qxヴ2）   

J＊／    V＊  

（ヴ2×2曾）≡（曾2×曾2）  

（58）Ⅴ＊＝  

whereasteIisksindicateevaluationatapointsatis壬yingthe first－Order  

conditionsforamaximumoraminimum．Then，ford2f＊＜0（andhencea  

maximumatX＊），thelastq2－2qprincipalminorsof▽＊mustalternatein  

sign，withthefirsthavingthesign（－1）2q’＋11  

0bvious1y，forproblemsinwhichthenumberofconstraints andthe  
numberofvariablesarelarge，theworkinvolvedinevaluatingprincipalmi－  

norsbecomesimmense，bothbecause eachdeteIminantislargeandbecause  

theremaybemanyofthem 

Weconcludewithaspecificexample．LetusexaminethethreereglOnS’  

case（i’．eい，q＝3）”TheborderedHessian－1ikematIixinquestionbecomes22）  

asfollows（eq．（59）） 

LetusCOnSider this situation from a somewhat different viewpoint．  
Namelyconsiderthepropertyofourobjectivefunctiongivenbyeql（39）as  

S＝－∑∑ln2：箭！”Letitbef（X）ingeneral…ItisquitecleaIthatmaxima  
宜7  

shouldbeseparatedfromminimabytheslopeofthefunctionfInvestigation  
ofthesignsoftheprincipalminors ofthe Hessianmatrixofsecondpartial  

derivativesevaluatedatX＊（whendf＝0）ispreciselyaninvestigationofthe  

functionforconvexityorconcavityintheneighborhoodofX＊”So，ifapoint  

22）Asusual，aSterisksdenotethatelementsofthematrixareevaluatedatthepoint   
thatsatisfythe負rst－Orderconditions，givenbyeqs（41）through（44） 
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－1 0  0  0 －1－C毘  

一1 0 0 0 0 －C還   

0 嶋1 0 －1 0 －C㌫  

0 －1 0  0 －1－C芸  

0 －1 0  0  0 －C芸   

0 0 －1－1 0 －C品   

0 0 －1 0 －1－C蒜   

0  0 －1 0  0 －C品  ＿  

∫こ1l  

X＊isfoundforwhichdf＊＝0，andifitisknownthatfisaconcavefunction  

intheneighborhoodofX＊，thenweknowthatX＊representsarelativemax－  

imum… Thisrelation－ShipcanbeshownthroughtheuseofTaylor’sseries 

LetX＊＝（r7i＊，．rが，………．），beapointatwhichthenrsttotal  

differentialofthefunctioniszero”－thatis，df＊＝0；andlet（X＊＋dX）  

representthenewbypoint（．瑠＊＋drri，．r禦＋d境，……・），・Then，the  

Taylorexpansionis  

（60＝（Ⅹ＊・dX）＝′ば＊）・dノー＊・（  
（ 1 ぎ  1 宮  

）d3／＊＋‥‥  ）卿＊・  

Thusasecond－Orderapproximationtothechangeinthefunctionasaresultof  

thedisplacementdXisgivenby  

（61＝（Ⅹ＊＋dX）－／・（Ⅹ＊）⊆dノ＊＋・d竺／＊・  

Sincex＊hasbeenchosensuchthatdf＊＝0，thesignofthechangein  

thevalueoff（．瑠，．焔，………）dependsentirelyonthesignofd2f＊，the   
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SeCOndtotaldifferentialevaluatedatX＊．At，OrVerynearthestationarypoint，  

抑＊  （62）／（Ⅹ＊＋dX）－，′てⅩ＊）＝尋／■＊＋  

∂ツ  
＝0＋莞君  

But，Wehaveseenthat  

（39）′ ノ■（Ⅹ）＝－∑∑Zれ」£簑！，                 宜グ  
and  

吐逆 
（63）＝－g花婿28），  

－；′、   

SO  

（d堵）（dニ堵）・・  

∂（堵）∂（堵）   

1  

｛、  

0  

（if∠－＝ゑandノ＝1），  
∂ツてⅩ）  

（64）   

∂堵∂堵  
（if∠≠ゑ0Ⅰ烏≠1）．  

（d・堵）2  

で謁  

Substitutingineq”（62），Wehave  

（65）ノ℃㌘・dガトノ（Ⅹ＊）＝一宇ヲ  

＝一昔亨苧  ）2  （  

d堵  

堵   
・堵，  

d環  
Where仙 istnerelativechangein堵awayfromthemostprobable  

′、、  

distrbution・・Fromthisresult，WeCanStatethatsolongasall．：環arepositive，  

f（X＋・dX）－f（X＊）＜0，andhenceX＊representsalocalmaximサm”－  

thefunctionisconcaveintheneighborhoodofX＊．  

HoweveI・，ifsomeLag工・angeanmultipliersス（i），l（写），un，takeonpositive  

values，thestationarypointX＊derivedfromtheunconstrainedmaximization  

23）Seeeql（41）andfootnote181Asforthethreeregions，case，Seeeq（59）   
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problemdoesnotmeetalltheconstraintsgivenbyeqs”（30），（31），and（35）u  

Inthissense，Lagrangeanmultiplie工S（）（ま一，l（写），Pm）provideusefulinfomation  
’Iこ；Ji  

abouttheconstraintshl（xl．，X12，……‥）＝0 

Whenweconsidertheconstraintsexplicitly，uSingtheLagrangeanfoIm，  

theirvaluesevaluatedatastationarypoint（X＊）…nOWthedimensionofX＊  

vectorisaugmentedbythenumberofconstraints－－・Igivethepartialderiva－  

tivesofourob．ラectivefunctionf（X）evaluatedatX＊，Withrespecttothecon－  

straintconstants”Looselyspeaking，theyglVeaPprOXimationstotheamounts  

thattheoptimumvalueoff（X）willchangeforaunitchangeintheconstraint  

constants．Therefore，byexaminingthevaluesofLagrangeanmultipliers，We  

caneasilycheckhoweffectivelyeach constraintworksinthe maximization  

problem 

3．IntegrationoftheGravityandInput－OutputModels  

Inthegravity－mOdelapproachtocase（1），WeaSSumedthataninde－  

pendentestimateofXTndidexist，thoughtherewasnosuchestimateforXrt  
andY㌢ Forthisparticulardevelopmentoftheintegratedmodel，WeaSSume  

thatthereisnosuchestimateofXm，andthisbringsusintolinewiththeas－  

sumptionsofLeontiefandStrout，WhichwereferredtoinSection3”Thus，  

thecase（1）modeltobedevelopedhererepIeSentSthemodificationtothe  

Leontief－Stroutmodelbroughtaboutbyintegratingthegravityandinput－Out－  

putmodelsusingentrqクγ－maTimi之i’ngprinc妙Ies，butotherwisenonewas－  

sumptionsaremade。24）  

Theonlyconstraints，then，areeq。（35），Whichisrestatedhereforcon－  

VenlenCe：   

24）小Case（4）model・”Whichwecalled theorigin・destination－COnStrained modelin   

Section42h2．andconsideredinSection4。2．4．”－is theonlyonewhichoffers a   

simpleestimateof猪 Theothercases，（1），（2），and（3）Mthemodi丘edversions   

ofeqs（28）and（29）・MleadtoquadraticequationsinX箭，althoughsomeiterative・   

solution－prOCedurecouldbedevisedhInthisSection43，WeOnlyrefertocase（1）   
asrepresentativeoftherest   
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（35）∑∑一ご詣‘笛＝Cm， 官  
グ  

andtheLeontief－Strouteq…（1）asaconstIainton堵，andsowerewriteitin  

teImSOfthel堵as  

（1）′ ∑．堵＝∑減㍍写堵＋ツ㌢・  
タ 乃 も  

Wenowhavetomaximizetheentropyoftheprobabilitydistributionassoci－  

atedwithl堵（withmvaryingnowaswellasi＆j）l・Theproblemcanbe  

formulatedasfollows：25）  

MaximizeourentropySdefinedby  

（66）5（Ⅹ）＝－∑写∑・堵ふ堵，  
fJ7托  

subiecttoeqsり（35）and（1）′ 

Tosolvetheproblem，WeformtheLagrangeanformL：  

（67）エ＝－・∑∑∑£謁g花」だ箭＋∑∑γ㌢（γ㌘＋∑α㍊乃写一堵－・∑‘だ箭）  
£ノ肋  m  飽  7  

十∑〃m（C隅－∑∑・堵・堵）  
JJヱ ～／  

wherer㌢isthesetofLagrangeanmultipliersassociatedwitheq・（1）′  

andFLmthesetassociatedwitheq‖（35）lWenowobtainanestimateof・環by  

soIvingthefirst－Orderconditions：  
旦 

（68）一一＝－ ㍍環－1＋∑γ㌢α£％－7㌢－〃仇‘・詣＝0，  
∂だ詣  

軌  

（69）」一＝γ㌢＋∑αと免∑堵－∑・堵＝0， ∂7㌢穐ブタ  

（70）＝C仇－∑∑環・‘・謁＝0 
Eq”（68）gives  

n ケ7と  

（71）・堵＝eXp（∑γ㌢αと籠－7，－〃mC宜プ），  
〃；  

25）鋸Eq（66）canbederived fromeqh（38）、Itis convenient to usethisformofS，   

since－∑∑ln£謁！appearstocauseconceptualdi銭cultiesif環isnoninteger          乞  
グ   
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wherealhasbeenabsorbedintothemultiplierr㌢，Withoutlos＄Ofgen－  

erality．  

Now，FLmisobtainedbysubstitutingl堵fromeq・（71）intoeq・・（70），and  

simi1arly7アisfoundbysubstitutinglX箭fromeq・（71）intoeq・（69）‖Thisgives  

（72）写exp（∑7㌢α£祐一7㌢－〃仇c謁）  
l  〃l  

循    －∑α‰免∑  exp（∑7官αと陀－7㌢－〃彿cノ箭）－γ㌢＝0・  
だ  ナ，t  

Then，  

（72）′ exp（－r㌢）ギ exp（2：げa£n－FLnC㌫L） lJ乃  

・－∑aaLn eXp（∑r㌢aと乃）写exp（～rT－／1mC謁）－y㌢＝0」 √ご、l、Ill  
Forthepurposeofsimplicity，1etusdefine  

クも （73）∂電＝eXp（∑？・㌢α㍊耽），  
ケ柁．  

and  

（74）ギ＝eXp（十7㌢），  

so that 

（75）鍔＝〟（環）一武抑  
訂I  

Then，eq．．（72）′canbewrittenas  

（76）8㌢写∂㌘exp（－・“仇‘′㌫）・－∑α£循∂㌢写e㌢exp（－〆花‘箭）－γ㌢＝0， l！ご′   
whichcanberearrangedtogivefore㌢‥  

ッ㌘＋・∑〃霊㍑5若草e㌢exp（－〃m‘笛）  
彿  7  

（77）ざ㌢＝  

写∂芋exp（－〃耽‘箭）  も  

TheequationcannotbesoIvedexplicitlyfore㌢n26）However，eql（77）  

SuggeStSaniterative－SOlution－prOCedure：  

26）Because8Tstillappearsinthenumeratoroftheright－handsideofeq‖C77）”   
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Jfβγαfよ■vβアr・OCα7αr・β5  

Firstlyguesse㌢，thencalculate8㌘fromeq・（75），reCalculatee㌢fromeq・  

（77），andcontinuethiscycleuntiltheprocess converges一．Then，uSing eqs．  

（73）and（74），eq．（71）forlX謁canbewrittenas  

（78）・堵＝鍔鍔exp（－〃mC詣）小  

Thus，inshort，theentr・Opy－maXimizing modelforwhatmightbecalledthe  

Leontief－Stroutversionofourcase（1）is丘nallygivenbyeqs．（78），（77），and  

（75）．．  

Theprocessestoreachour丘nalresultsderivedfromthe丘rst－Ordercon・  

ditionscanbepicturedasfollows：  

FiguIe9  

TheEntropy－maXimizingModelfoItheLeontief－StroutVersion  

eq（68）～－う eq・（71）岬－  

e。（69） 皿e。（72）                           ノ   ノ              I t  
l  

eq（70）－・－一一－－J  

Ⅴ  

Inthispaperwehavediscussedthetheoreticalandpracticalquestion  
Ofdesigningoperationalmodelsbasedoninteractionamongdi任erentregions．  

Wehaveshownhowappropriatemodelsofspatialsystemscanbederivedby  

maximi2：ingafunctiondescribingtheentIOpyOrinformationcontainedinsuch  

sytemssub．iecttorelevantconstraints。  

Thetheoreticalresultinthispape工is thatthemodelsderivedfromen－  

tropymaximizingproceduresareequivalenttomany ofthemodelsalIeadyin  

usewhichhavebeenderivedempirical1yThegravitymodel，amOngOthers，  

hasbeenusedasanempiricalorphenomenologicalestimateforsomeyears，   
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andisinreasonableaccordwith＝ealityl27）Theseideasshal1bedevelopedin  

relationtoseveralurbanandregionalsystemssuchasnotonlytheinte工regional  

COmmOdityflows，butalsothetransport，thelocationofpopulation，etC 

However，ifthereis any desire touse the conceptofentropy，thenit  

shouldbemadequiteclearhowitcouldbemeasured…intermsofeitherob－  

jectiveprobabilityorsubjectiveprobability．．28）Thisisthemostcrucialprob・  

1eminentropymaximlZlngprOCedure小29）  

．りナ／／＝ルり／・り／ん‥・′り＝ナ／・一トソノ／川／・・  

Wecansummari2：ethetypesofapplicationasfollows：  

1）hypothesisgeneration，Ortheo工ybuilding，80）  

2）inteIpretationoftheories 

Theentropymaximizingprocedurecanbeusedtodevelophypotheses．We  

cancallthisthemaintypeofapplication。Thegeneralruleforgenerating  

hypothesescanbewrittenasfollows：  

a）Setupthevariableswhichdefinethesystemofinterest，andwrite  

downtheknownconstraintequationsonthesevariables 

b）Definetheentropyofthesystem，eitherdirectlyorbyusingan  

associatedprobabilitydistribution 

c）Thevariablescanthenbeestimatedbymaximizingtheentropy  
subiecttotheconstraints 

InourexamplewhichwasdiscussedinSection4”3，tWOtypeSOfconstIainte－  

27）As董or thegIaVity model，many re丘nments arepossiblelTheStouffeI’sinteI－   
veningmodelmaybeseenasoneofthem  

28）TheobiectiveviewisthatpIObabiiityisalwayscapableofmeasu工ementbyobser・   
vationo壬hequenCy ratioina randomexperimentい The subiective view regards   
probabilityasexpressionsofhumanignoIanCe；theprobabilityofaneventismerely   
af0Imalexpression oiourexpectation thattheevent wi11，Ordid，OCCurbasedon   
whateverinformationisavai1able  

29）Itsuggestsusthatifthereisnotanyin董ormationinadvance（iel，inthecaseof   
noconstraint），thecomrnodityf≡lowstendtotakeon theunif0Imdistribution（i．e．，   
thedispersing tendency）But，Why～Whatkindoftheoreticalinterpretationcan   
bereadyforthisl？  

30）Atheoryisawell－teStedhypothesis   
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quationswerespecifiedintermsof堵”Onewasthecostconstraintgivenby  

eq”（35），andtheotherwastheinput－OutputCOnStraintsgivenbyeqL（1）′，Which  

Signifythedifferentproductidnstructureswithrespecttoeach regionWe  

thendefinedtheentropyoftheprobabilitydistributionassociatedwithlT箭as  

－EZ：∑1X謁g戒環givenbyeqlI（66）u Thisisourobjectivefunctionwhich J 
■．－・，  

shouldbemaximized…Finally，fromthemethodoftheLagIangeanmultipliers，  

WeObtainedtheoptimumvalues of堵as eql（78）lTheirderivationwas  

SChematicallypicturedinFigure9 

Many，ifnotmost，hypothesesthusgeneratedcouldbep工Oducedbymore  

COnVentionalmeans．However，attheveryleast，theentropymaximizingpro－  

CedureenablesustOhandleextremelycomplexsituationsinaconsistentway 

Infact，paSteXperiencehasshownthatthissortofconsistencyisverydi伍cult  

toachiveotheIwiselInthissense，theentropymaximizingprocedurecanbe  

We11regardedasmoresigni丘cantandmeaningfulapproachamongothers…31）  

Whenweconstructhypothesesormodels，itis oltennecessarytoin－  

Cludeterms which are d逓cult tointerpretin any direct way”These are  

high－1eveltheoreticalconceptswhichareoftenwellremovedfIOmpOSSibilities  

OfdirectmeasuIemenL TheymaybethepaIameterSOfamodel，SuChasiem  

intheLeontief－Stroutversionofourcase（1） 

Supposethemodelgivenbyeqs，．（75），（77）and（78）couldbedeveloped  

andusedfruitfullywithoutentropymaximizingprocedures1Itisthenpossible  

towritedownthesetofconstraintequationswhichgiverisetothesamemod－  

el，inthisexampleeqs。（1′）and（35）．．TheparameterFLm，forexample，isthen  

seentobetheLagrangeanmultiplieI・aSSOCiatedwiththeconstrainteq。（35），  

andtheinterpretatonofthisequationaddstoourknowledgeoftheroleFL仇  

Playsinthemodel 

The signofp耽＊tells usthe directionofthe changeintheoptimum  

31）However，itshouldbeemphasizedthatthehypotheseswhicharegeneratedshould   
betestedinthe samewayashypothesesgene工atedbyanyotherproceduIe 
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ValueofS（X）givenbyeq。（66）…82）ApositiveFL勒＊meansthatiftheright・  

hand sideoftheconstraint，eq．．（35），increases，SO doesS（X＊）：FLm＊＜O  

meansthatanincreaseintheconstraintconstantCmisaccompaniedbyade－  

CreaSeinS（X＊）．Infact，thevalueofFLm＊representsthepaItialderivativeof  

S（X），eValuatedatX＊withrespecttotheright・handsideoftheconstraint，  
Cm．83〉  

Inthissense，althoughtheLagrangeanmultipliers（sayp仇）arenotthe  

Variableswhoseoptimumvaluesareofdirectinterestintheproblem，itdoes  

turnoutthatthosemultiplieISPrOVideusefulinformationabouttheconstraints。  

Keepingthisfactinourmind，WeCanintroduceanyadditionalconstraint…  

Whichmightbeexpectedtocausethesigni丘cantchangeintheoptimumsolu－  

tionMtOOurmOdelandthenwecanalsoevaluatehowe任ectivelysuchahyq  

potheticalconstIaintworksintheentropymaximizingprocedures．，84）  

．＼1・汗、、／／＼・JIJ／ん・′ノ仙J．イ／－ごJ／／んノ．∵  

Urbanandregionalmodelsareofinterestfortwomainreasons：  

1）Modelbuildingisattherootofallscientific study，and urban  

andregionalmodellingispartofanattempttoachieveascien－  

tificunderstandingofcitiesandregions．．  

32）Asterisk denotes that FLmis evaluatedatthepointthat satis丘esthe丘ISt・OrdeI   
COnditionsgivenbyeqs（68），（69）and（70） 

33）RecallthattheformoftheconstraintusedintheLagrangeanfomisCm－∑ £   
グ   

瑠㌢環＝0”Fromeq（67），atX＊andFLm＊，∂L＊／∂C仇＝Pm＊小 Sinceatoptimum   

theconstraint（1）′and（35）musthold（i．e”，eqS（69）and（70）must hold），We   

ObtainL＊＝S（X＊），andhence∂S（X＊）／∂Cm＊＝FLm＊ 

34）Notethat thediscussionontheinterpr・etationoftheLagIangean multipliercan   
beappliedtothecasewheretheproblemhassomeinequalityconstraintsForex－   
ample，therulefoItheproblem；maXimizeS（X）subject to g（X）≦’C，Canbe   
WIittenasfollows：SoIvetheproblemasiftheconstraintwereanequalityusing   
bothfirst－andsecond－Order conditions；then（1）ifiL＊＞0，themaximumisonthe   
boundaIy，therefore X＊foundbyassuming g（X）＝Cis cor工eCt，（2）ifFL＊＜0，   
themaximumisinteriortotheboundary，thereforeredo theprDblemignoringthe   
COnStraintcompletely 
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2）Avarietyo董severeurbanandI・egionalproblemsexist，andasso・  

Ciatedplanningactivityhasbecomeincreasinglyimportant；ur－  

banandregionalmodellingisapartoftheadvanceonthisfront 
Themostcrucialprobleminthemodelbuildingliesinthedeterminationof  

relationships among variables，Whichis often called the model・SpeCification 

Itisdependentonanexogenouslygivenobjective，Sincethemodelmustalways  

bebuiltinordertomeet someap工ioriobjective．．Suchaobjectiveusually  

includesdescription，predictionand／orimpactanalysisbasedonsimulation．  

InJapan，WehavebeensuHeringfromsevereregionalproblems，SuCh  

aspollutionandcongestionり Quiterecently，inordertoremedythoseprob－  

1ems，PrimeMinisterK．Tanakapresentedanambitious decentralizationplan  

knownas“APlanforRemodellingtheJapaneseArchipelago．”Tomakehis  

decentralizationplansworkrequiresavastimprovementinair，railandroad  

tranSpOrt”By1985，heinsists，theremustbeanadditional6，000milesof工ail－  

waylinesandaseriesofhigh－Speedtrainscrisscrossingthearchipelago．・By  

then，theislandswillhavebeenconnectedbythebIidgesandtunnels 

Ifa11goesaccordingtothatplan，32newexpresswayswi11alsobebuilt  

by1985，andthenewtravelnetworkwi11enable apersonto journeytoany  

pointinJapanwithinoneday”Asmightbeexpected，Tanaka’splanshave  

alreadyevokedaconsiderableamountofcriticism．Toconservative，theyare  

toovisionary‖Theleftchargestheyignorebasicsocialinequalities…However，  

nomatterhowwelikeitornot，Wearefacinganumberofseveretheoretical  

problemsarounditい Ourstudyisoftenamultidisciplinaryoneinthesense  

thatweneedtouseconceptsfr・OmSeVeraldisciplines－－－eCOnOmics，geOgraPhy，  

sociology，etC 

Theconceptofentropyhas，untilrecently，beenusedprimarilyinthe  

nonsocialsciences。Fromourdiscussioninthispaper，itturnedoutthatthe  

entropymaximizingprocedurehasausefu1andvaluableroleinonebranchof  

thesocialsciences－－qthestudyofinterregionalcommodity負ows．Whenwe  

takeaccountofdataavailability，prOCeSSingcost，andtimerelevanCe，theen－   
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tropymaximizingprocedureenablesustotacklesomeofouIbasicproblems，  

SuChasanimpactanalysis，inafIuitfu1way．，ItendeavorstoshapetooIsthat  

Canhelpassessandanticipateimpactestimatesstemmingfromthenewdecen－  

tralizationplanpreviouslystated 

ItshouldberecalledthatsomeproblemsstillremaintobesoIvedinor－  

dertoapplytheentIOpymaXimizingproceduretothereal－WO工1d situations：  

bothhowtoestimatethetransportcostofaunitofcommoditym（i■いe”，C箭），  

andwhatsortoftheoreticalimplicationscanbegiventothemaximizingmoti－  

VationofourobiectivefunctionS（X） 

SomeofthemmaybesoIvedintheprocessofempiIicalimplementa－  

tions”85）But，SOme maynOt，and requirefuIther theoreticalexaminations 

However，anymOdelshouldbeevaluatednotonlyfIOmthetheoreticalview－  

point，butalsofromtheempiricalorpracticalviewpointい Thus，althoughan  

entropymaximizingprocedurehassomedeficienciesinthesensethatitisha工d  

togivethetheoreticalinterpretationstothemaximizingmotivation，SOlongas  

itgivesgoodpredictionsbyreproducingcomplexreal”WOI1dsituations，itmust  

befavorablyevaluatedbecauseofitsflexibilityandoperationality 

35）Forthedetai1ed discussion about theestimationofJapaneSe1963interregional   
trade負ows，SeePolenske（8）い   
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