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One of the conclusions of Moses’ 1958 paper on location theory
of the firm was that: “... the optimum location is seen finally to de-
pend on the following factors; base prices on inputs; transportation rates
on inputs and on the final product; the geographic positions of materials
and markets; the production function; the demand function.”?

Although his analytical method has not progressed beyond the par-
tial equilibrium analysis, it should be noted that the main objective in
his paper was to make the theory of location an integral part of the
theory of production and to investigate the implications of factor substi-
tution for the locational equilibrium of the firm.

The purpose of the present paper is to clarify the implications of
the equilibrium point in the Moses model. The problem will be approached
by the comparative statics, which enables us to investigate the qualitative
direction of movement of the equilibrium point. Section II begins with

1) Moses (4, p, 269),
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the mathematical reformulation of the Moses model. Section III will be
devoted te the methods of comparative static analysis. Finally, in
section IV, some theoretical conclusions w111 be clarified in the hght of
our framework.

11

In order to deal with the comparative-static analysis in a spatial
setting, let us reformulate the Moses model as follows. As a common
assumption, we postulate the simple case of a firm which employs two
transportable inputs to produce a single product that is sold in a single
market point. Figure 1 depicts the locational problem where M, and M,
are the sites of the two materials and C is the market point.
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Figure 1

Since the distances Midh, M.C and M.C are known, the given
sites of the two materials and the market point can be expressed in terms
of the two - dimensional coordinate system. Without loss of generality,
we may assign the coordinates (0,0), (x:,0) and (xz,¥2) to the points
of C, My and M, respectively, which is shown in Figure 2,
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Let K represent the firm’s location point, whose coordinates
(x,y) are unknown. According to Moses, the distance that the final
product must be shipped is assumed to be constant. Thus it can be
expr'e.ssec‘.i as; '

' KC=h, or x*+y2=he,
Geometrically, it corresponds to an arc, which is a segment of the circle
with center at C and radius h, as shown in Figure 1 and 2.

Now let us specify the locational situation of our firm. Under the
assumptions given above, our firm is going to find its best location at
some point on the arc (f]) which links the site of the first raw mate-
rial, Mi, and that of the second raw material, M,. The following nota-
tion will be used:

(parameters)

1 = the price of the first raw material at its source,
b2

the price of the second raw material at its source,
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y1 = the transport rate on the first input,
72 = the transport rate on the second input.
(unknowns)
si = the distance from M, to the locus of production of the
final product,
s, = the distance from M, to the locus of production of the
final product,
v1 = the amount of the input of the first material,
v2 = the amount of the input of the second material.
It should be noted that, in those symbols, p; and »; ({=1,2) are to be
considered as parameters for the given firm.
Furthermore, we postulate that the firm’s production function is
continuously twice differentiable and includes only two input-variables.
Let this function be expressed as

D g=f(o,0)

where g=the amount of the final product.
With transportation cost on the final product fixed, we can express the
cost function of the firm associated with a fixed level of output ¢=g as;

(2) c=(Pr+rs) v+ (Do +7es)0s.

Therefore, our problem for determining the optimum location of
the firm can well be formulated as follows:

(3) Minimize ¢=(p1+ 715001+ (Po+ 725:) s

(4) subject to g=f(v1,0s)

where



COMPARATIVE STATIC ANALYSIS OF THE FIRM — 69 —

(5) s1=1 (x—x1) 2+ 42,

(6) $2=V (x—x2)°+ (y—y2)*.

In order to deal with the one equality-constrained minimization
problem, let us form the Lagrangean function, L, by sﬁbtracting the
constraint (4), multiplied by an' unknown new wvariable, A, from the
cost function (3).

(7 L=(pr1+7r1s)v1+ (P + 728200 — A { f (01,02) — g}

However, by virtue of the relationship of x?-+ y?= A2, the unknown var-
iables s1 and s; cannot be dealt with as independent ones in equation (7).
Regarding the variation in x (i.e., the abscissa of the point K in Figure
2) as the location variable,? we can define the moving point K on the
arc ﬁ

Substituting x2+ y?=4A2 into (7)) vields

(8) L= (Zl +E1/ %? + P—2%x dn

+ (Bt 7oV BT 9+ R — 20k — 292V 7E — %) Ve~ M (01,92) — g} .

Since the equation (8) can be viewed as the function of unknown v,
s,%,, under the given values of parameters pi,ps, 71,7; and exoge-
nously given values of #%,% and 7.

In order to make a clear distinction between the unknowns and the
parameters, let us rewrite the Lagrangean form as:

(9) L=g(111, Vo, X, N3 D1, Do, 71, r2).

If we adopt the following notation,

2) The location variable (i.e, x in our framework) corresponds to the angle
g: in the Moses terminology. Sze Figure 1.
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2L =01, Zp=0q, 33=X, J4=A,
ay1=pPi1, Q= Py, A3=r1, A14="Vg,

then our Lagrangean form can also be written as:

10) = L= g(z1, 2z, 23, 243 C1, Oz, O3, Ol4).
CIII

Comparative statics, as the name suggests, is concerned with the
comparison of different equilibrium points that are associated with dif-
ferent sets of values of parameters. For purposes of such a comparison,
we always start by assuming a given initial equilibrium point.®

Let us review the methods of comparative-static analysis briefly in
this section. In our model, such an initial equilibi'ium will be represented
by determinate values of unknown variables (zi, zz, Zs, 2,) for prea551gned

values of parameters (ai,ds,qs,ds).
Let L=g(a1, 22, 23, 24; 01, a3, &3, as) be a defined function with

continuous second order partial derivatives of all kinds in an open region
S. Then a point (Z% in S affords a relative minimum to L provided that

(11) g <Z1,22,2’3,24; al,az,as,m) =8 (210,22",2;30,240;al,ag,aa,m)

for sufficiently close values of (Z).
It is necessary in order for this to be true that

and

4 4
13) 21 121g2i,7hih;>0, for not all #’s equal to zero,
i s o

3) Chiang (1, pp. 132-133)
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where (M, hs, hs, ky) are arbitrary numbers, and the partial derivatives
are evaluated at the point (Z°).% In other words, -the appropriate quad-
ratic form must be positive definite.®

Hence, an initial equilibrium: values (i.e., 2% i=1, 2 3,4) can be
derived from the first order conditions (12), which involve some or -all-of
unknowns (2;) and the parameters (ax).

Now if we let a disequilibrating change occur in the model—-- in
the form of a variation in the value -of some parameétfer (ax)---, t
initial equilibrium will, of course, be-tipset. As: a result, the various
unknowns (2;) must undergo certain adjustments. If it is assumed that a
new equilibrium point relevant to the new values of thé data can be de-
fined and attained, the question posed in the comparative-statieianalysis
is; how would the new equilibrium compare with the old? ;

The problem urnidler: consideration is essentially one of finding a rate

0- . : . : i
of change (say, %z t—)" the rate of change of the equilibrium value bf an

endogenous vanable (z,") with respect to the change in a partlcular pa—
rameter (o). For this. purpose, _dlfferentlatmg (12) totally with respect
to ax, we can derive the following relations:

82’]‘ 0

: . 4 B .
9 = dﬁaa{é—&fk (i=1,2,3,4).

The solution for this vsimultaneous equation system can be expresséd as:

4) See Samuelson (6, pp. 359-361).
5) In this case,
&2 gzlzz gzlz3 gzsz hl ]
2 1&g &0 & g he
QUi hashssh) =k by By hy) | 78 72 TRt TR >0.
gzz gzz gzg gzz ha
£, 2 gzzbgzz gzzl h‘/

41 e 4”3 474
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2 «di;
(15) 621' i=1 gz % 7

dax 4 ,

where
8oz gzlzz 82, 8a
A — gzzzl gz222 gzzzs g22¢4

gzaz gz 2, gﬂ 2, gz Z

1 3% 373 T84

gzz gzz gzz gzz

471 172 48 474

and 4;; is . the cofactor of the element in the i-th row and j-th column
of 4.

Obviously, in equation (15), each unknown derivative depends upon
an’ (4 x5) infinity of possible values. If the various determinants were
expanded out, a sum of 4! terms would appear in the denominator and
in the numerator. Therefore, unless some e priori restrictions are placed
upon the nature of the elements involved in these determinants, no
useful results can be derived.

Fortunately, however, if we take into account the relationship
between (13) and (14), we can evaluate ---without proceeding in a fairly

straightforward manner--- these complicated expressions to some extent.

6 0z

Namely, multiplying the /-th equation in (14) by —-—— , we have:

62’; 4 azf 0 0z,

8ak -z g,, Boe %% 0ty

16)

Then, adding them up over ¢({=1,2,3,4), we have:

4 4 0 621 62'_1 4 0 62’7;
<17> iz-:x /?g 6&]; 6(1]; =1 £:% 6ak
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As stated earlier, the optimum value of 2z (¢=1, 2, 3, 4) must
always satisfy the inequality (13) for any arbitrary given values of i’s.

azi

Therefore, if we specifically regard 5

as h; for any i, i.e.,

a8  k=2% (=1,2,3,0
6611;

then it must hold that

8Z¢ 62, 9%~ 9

4 4
0
ORI

This means, from (17), that the following inequality

0z;
Z% Ot k

4
CORNPY + <0

must always hold f

aZz
8ak
Iv

Let us go back to the Moses model again and examine the nature
of its solution by the comparative-static analysis. Recall that our cost-
minimizing function was formulated as (8) in sectionII. Conditions (12)
applied to our problem are: '

g—L=L =(m+nvVal+hr—2x1x) —1fu=0,
[ 1

9

85 =L, —(1)2+7'21/x2 + 92+ B2 —2x0% — 293V 12— x2) — A fur=0,
oL L —— 710121 7e0p(— x2+1/h2 2) _
o VECHIE=201 1/ 5 4y + WB-2m0x 290V B -x°
8

Li=—f(v1,v2) +¢=0.
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With an aid .of inequality (20), we can draw at least .the following theo-
retical conclusions::

Case 1 o o o
Carrying out the appr‘opriaté calculations, we can show that

L’vlz)1=1’ Luzz)lzos L7M)1=Os szlz()-

Then, from (20),

(21 b << 0,

which means that as the price of the first raw material goes:iup, the
amount of the input of its material always decreases.
Case 2

Similarly, with the derived relations of

Lv1p2=0’ vap2=1’ Lz;u2=0,y L1p2=09
it can be readily verified that

sl —@& )
. (22) 7Ps <0,

for the change of ps.
Casge 3
By the same token, SIS

L, =Vxi+k-2nx, L., =0,

L, =— 9% | L, =0,
=71 Vxit+ B —2x1x 1

The necessary condition for minimizing cost (20) becomes in this case,
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Lt

V1%L 0x

/fo——;—;—; on .
VAl =20% 50 T e peaes o < 0.

By rearranging it we have

ovr . V171 : Bx
(23) Br1 A+ RE—2mx | Ori’

or,

, on U1X1 Qﬁ-.
@ 5 <=t E i

Although (23)’ shows the necessary condition for .the cost minimization
problem, we cannot state unambiguously the direction of changes-of o1
and x from this result alone. ' : ‘
Case 4§

Similarly, with the derived relations of

Lu17‘2 =0, Lv27‘2 = 1/x22 +‘y22 + 2 —‘Z.xzx—zlyﬂ/hz——.xz,

%
Dp(— T+ s )
= : VvV h—x I —o
e Vi yt+ B — 2% — 290V B 2" y ’

we have

v5(. )
@ o oz
0rs “xof+ i+ hE—2x0x— 2y21/ We—x% Ory °

or,

YoX )

B0, 'vg(xg— ox
Oy ~(x—x2)"+(y—p)* Oy’

28’
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It means that whether or not v, will increase when 7, changes depends

upon not only the algebraic difference between x; and Ji’i , but also the

272 at the equilibrium point.®
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6) While the sign of the denominator on the right hand side of (24)’ is always
. - X
positive, the numerator changes the sign according to whether xz—l;’—% 0 -
222 Y2 <L in this context, it
y X2 x
means that the firm’s location point K(x,y) is inside the triangle CM\M; in

Figure 2,

However, since x,— > (0 is equivalent to
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TAKEO IHARA
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lished in the Annual Report, Vol. 12, by the Department of Economics,
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