
COMPARATIVE STATIC ANALYSIS  

OF THE FIRM  
－in con】unCtionwith the Moses mode】N  

TAKEOIHARA  

Ⅰィ．htroductionII．MathematicalReformulationofthe MosesModel  

III。Comparative Static AnalysisIV小 Application of Comparative  

Static Analysis  

I  

Qne of the conclusions of Moses，1958paper onlocation theory  

Of the firm was that：“．．．the optimumlocationis seen finally to de－  

pend on the followingfactors；baseprices oninputs；tranSpOrtationrates  

Oninputs and on the finalproduct；the geographicpositionsofmaterials  

and markets；the productionfunction；the demand function．”1）  

Althoughhisanalyticalmethodhasnotprogressedbeyond thepar－  

tialequilibrium analysis，it should be noted that the main ob．iectivein  

his paper was to make the theory of location an integral part of the 

theory ofproduction and toinvestigate theimplicationsoffactorsubsti－  

tution for thelocationalequilibrium of the firm．  

Thepurposeof the present paperis to clarify theimplications of  

the equilibriumpoint‘in the Moses model．Theproblemwillbeapproached  

by the comparativestatics，Whichenablesustoinvestigatethequalitative  

direction of movement of the equilibrium point．SectionIIbegins with  

1）Moses（4，p，269），   
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the mathematicalr・eformulation of the Moses model．SectionIIIwillbe  

devoted to the methods of comparative static analysis．Finally，in  

SeCtionIV，SOme theoreticalcopclusions willbe clarifiedinthelight of  

our framework．  

ⅠⅠ  

In order to dealwith the comparative－Static analysisin a spatial  

settihg，1et usI‘reformulate the Moses modelas follows．As a common  

assumption，We pOStulate the simple case of a firm which employs two  

transpoItableinputs to produce a single product thatis soldin a single  

market point．Figureldepicts thelocationalproblem where Mland M2  

ar・e the sites of the two materials and Cis the maIketpoint．  

Ml  

M2  

Figure l  

Since the distances M城，肱C and脇C are knohTn，the glVen  

Sites of the two materials andthemarketpointcanbeexpre畠sedinterms  

Of the two－dimensionalcoordinate system．Withoutloss of generality，  

We may aSSign the coordinates（0，0），（xl，0）and（．方2，．y2）to the points  

Of C，MlandM2，reSpeCtively，Whichis sIIOWninFigure考，   
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Figure 2  

Let K represent the firm’slocation point，Whose coordinates  

（x，．y）are unknown．According to Moses，the distance that the final  

product must be shippedis assumed to be constant．Thusit can be  

expressed as；  

gC＝ゐ，Or。方2十γ2＝が．  

Geometrically，it corresponds to an arc，Whichis a segmentOf the circle  

with center at C and radius h，aS Shownin Figureland2．  

Nowlet us specify thelocationalsituation of our firm．Underthe  

assumptionsgiven above，Our firmis going to findits bestlocation at  
（  

SOme pOint on the arc（IJ）whichlinks the site of the first raw mate－  

rial，Ml，and that of the second raw material，鳩．The followlng nOta－  

tion wi11be used：  

（parameters）  

bl＝the price of the first raw materialatits source，  

♪2 ＝ the price of the second raw mater・ialatits source，   
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Y・1＝the transport rate on the firstinput，  

r2 ＝the transport rate on the secondinput．  

（unknowns）  

sl＝ the distance from MltO thelocus of production of the  

finalproduct，  

S2 ＝thedistance from M2 tO thelocus of production of the  

finalpr・Oduct，  

Vl＝the amount of theinput of the first material，  

V2＝the amount of theinput of the second material．  

It should be noted that，in those symboIs，biand ri（i＝1，2）are to be  

COnSidered as parameters for thegiven firm．  

Furthermore，We pOStulate that the firm’s production functionis  

continuously twice differentiable andincludes only two inputNVariables．  

Let this function be expressed as  

（1） α＝．／－（仇，む2）  

Where q＝the amount of the finalproduct．  

With transportation cost on the finalproduct fixed，We Can eXpreSS the  

cost function of the firm associated with a fixedlevelof outputq＝q aS；  

（2） c＝（あ十六51）ぴ1＋（あ＋亮52）ぴ2．  

Therefore，Our prOblem for determining the optimumlocation of  

the firm can wellbe for・mulated as follows：  

（3） Minimizec＝（あ＋；1Sl）vl＋（哀十苑s2）v2  

（4） subject to百三f（Vl，V2）  

WheIe   
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（5） 51＝ノ   

（6） 52＝ノ  

（．ガー．方1）2十γ2  

（．方一．方2）2＋（グーーγ2）2  

In order to dealwith the one equality－COnStrained minimization  

problem，1et us form the Lagrangean function，L，by subtracting the  

COnStraint（4），multiplied by an unknown new variable，入，from the  

COSt function（3）．  

（7） エ＝豆1＋7151）ぴ1＋（示2＋毎52）即2一入〈ノて仇，ぴ2）－∂1   

However，by virtue of the relationship of x2十．y2＝h2，the unknown var－  

iablesslands2CannOtbedealtwith asindependentonesinequation（7）．  

Regarding the variationinx（i．e…，the abscissa of the point Kin Figure  

2）as thelocation variable，2）we can define the moving point K on the  
（  

af・CI．ト  

Substituting x2＋．y2＝h2into（7）yields  

（8） エ＝（あ十肴ノ  ．薮2＋克2・－2魚方）ぴ1  

手 ）ひ2一九（．／’（ぴ1，ぴ2）－曾〉  十（♪2＋   － 2為．方－2タ2ノ房二   ＋タ22＋亮2  

Since the equation（8）can be viewed as thefunction of unknown vl，  

v2，X，入，under thegiven values of pararneters bl，P2，rl，r2andexoge－  

nously glVen Values of．宕1，度2andタ2．  

In ordertomake a clear distinction betweentheunknowns and the  

parameters，let us rewrite the Lagrangeanform as：  

（9） エ＝g（ぴ1，ぴ2，．方，入；♪1，少2，rl，r2）．   

If we adopt the following notation，  

2）Thelocation variable（i．e。，Xin our fr．amework）corresponds to the angl色   

elin the Moses terminology．See Figurel．   

OLIVE 香川大学学術情報リポジトリ



香川大学経済学部 研究年報14  J974  ・－－ 7の －一  

gl＝＝ぴ1，g2＝が2，g3＝．方，g4＝入，  

α1＝♪1，α2＝♪2，α3＝γ1，α4＝γ－2，  

then our Lagrangeanform can∵also be written′aS：  

（10）エ＝g（gl，g3，g8，g4；α1，α2，α3，α4）．  

III  

Comparative statics，aS the name suggests，is concerned with th9  

comparison of diffeIent equilibrium points that are associated with dif－  

ferent sets of values of parAmeters．For purposesofsucha comparison，  

we always startby assumlng aglVeninitialequilibriumpoint．3）  

Let us review themethodsof comparativ6－Staticanalysisbrieflyin  

thissection．Inourmodel，SuChaninitialequilibi・iumwillberep工eSented  

bydeterminate values ofunknownvariables（Zl，Z2，Z3，Z4）forpreassigned  

valuesof parameters（α1，α2，α去，α4）．  

Let L＝g（Zl，Z2，Z8，Z4；α1，α2，α8，α4）be a defined function with  

continuous second order partialderivatives ofal1kindsin an openIegion  

S．Then a point（ZO）in SaffoIdsarelativeminimumto Lprovided that  

（11） g（gl，g2，g8，g4；α1，α2，α8，α4）≧g（glO，g20，gタ0，g40；飢，α2，αβ，α4）   

for sufficiently close values of（Z）．  

Itis necessar．yln Order for this to be true that  

（12）・▲・＝g芝．＝0（よ＝1，2，3，4）・ t  

and  

（13）真1ilg2i勲＞0・fornota－1h，sequaltozero・   

3）Chiang（1，pp．132－133）   
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where（hl，h2，h3，h4）are arbitr・arynumbers，and the partialderivatives  

areevaluatedatthepoint（ZO）・4）Inotherlwords，theappropriat？； 

ratic form must be少OSirii’ve definite．5）  

托ence，aninitialequilibrium values（i．e．，ZiO；i’＝1，2，3，4）can be  

derivedfromthefirstorderICOnditions（12），WhichinvoIvesomeora廿of  

unknowns（Zi）and the parameters（αた）．  

Nowifwelet adisequilibrIating change occuririthe model－－－in  

the form of a variationin the value of sohle fiaram畠ter・（αk）－－－，the  

initialequilibrium will，Of course，be upset．Asa羊・eShlt，the various  

unknowns（Zi）mustundergocertain adjustments・Tfiti阜aSSumedthata  

new equilibriumpoint relevant tO the newvalues of the data canbede－  

finedandattained，the’questionposedinthecomparative－Static‡anal陶is  

is；how would the new equilibrium compare with the old？  

TheiprOblemurfderconsiderまtionisessentiallyoneoffindingaraie  

ofchangd・（say，）；，therateofchangeoftheequilibriuhvaluebfa？  

endo竿enOuS VariabIe（ZiO）withrespecttothechangeinaparticularpa－  

rチmeter（αk）・For・thispurpose・differentiating（12）total1ywithresp？Ct  

toαk，We Can derive the followlng relations：  

1
 
 

1
∑
戸
 
 

〟○  怠＝－g2豆αた（去＝1，2・3，4）・  （14）  

The solution for this simultaneousequation system can be expressed as：  

4）SeeSamuelson（6，pp“359－361）1  
5）In tbis case，  

g21ZlgZlg2gZIZ3gZl㌔  

gz2ネ1g才2Z2g2278g㌔㌔  

gz8ZlgZ3Z2g才さZきgg8Z4  

g才4ぞIg才一Z2gZ4Z3g㌔㌔－   

Q（カl，カ2，毎，カ。）＝〔カ1カ2カ3カ4〕  

OLIVE 香川大学学術情報リポジトリ



香川大学経済学部 研究年報14  ユタ74  －72－  

4  

（15） 君1gg‘α点・蛮7  
∂gメ  ‾  
∂αた  』 ，   

wheI・e  

gグ1glgglg2ggl㌔gglg4  

g－g2glg才2g2gg2グ3gg2g4  

gg3g．gg8グ2g仇g琉  

gg4グ1gg4多2g多4g8gグ1g4   

」＝  

and Aijis the cofactor of the elementin thei－th row andjKth column  

of∠ゴ．  

Obviously，inequation（15），eaChunknownderivativeqependsupon  

an（4×5）infinity ofpossible values．If the various determinants were  

expanded out，a Sum Of4！terms would appearin the denominator and  

in thenumerator．Therefore，unlesssomeabriorirestrictionsareplaced  

upon the nature of the elementsinvoIvedin these determinantS，nO  

usefu1results can be derived．  

Fortunately，however，if we takeinto account the relationship  

between（13）and（14），WeCaneValuate…－Withoutproceedinginafairly  

Straightforward manner一－－thesecomplicatedexpressionstosome extent．  

Namely，multiplyingthei－thequationin（14）by，Wehave：  

＝一 （16）搬 札蓋  
Then，adding them up over・i（i＝1，2，3，4），Wehave：  

∑  

4 4 

（17） ∑        《■1J■1  
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Asstated earlier，the optimum value of z10（i＝1，2，3，4）must  

alwayssatisfytheinequality（13）forany arbitrar．ygivenvaluesofh’s・  

Therefore，ifwespecificallyregardashiforanyi・i・e・，  

（18）ゐ豆＝忍（向・2，3・4）  

then it must hold that 

■＞0・  
（19）差1孟g2‘ガタ蓋纂  

This mearlS，fr・Om（17），that th声followinginequality  

（20）ゑg2宜α濃くO  

mustalwaysholdfornotall怠equaltozero・  

ⅠⅤ  

Letusgoback to the Moses modelagalnandexaminethenature  

ofits solution by the comparative－Staticanalysis．Reca11that our．cost－  

minimizingfunctionwasformulated as（8）insectionII．Conditions（12）  

applied to ourproblem are：  

∂エ  
－＝エ＝（♪1十′■11／・方12十ゐ2‾2・方1・わ‾入ノも1＝0・  

1  

∂エ  
｝‘ 

∂ぴ2 2  

佃∬1   
′・2ぴ2（一桁諾毒 ）  

∂∫  
エ‡＝－  十  

十ゐ2－2・方1・ガ レ；22十γ22＋ゐ2－2．方2∬－2．γ2衝2  

＝ 意エス＝一穴町胡）＋声0・   
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Withanaid ofinequality（20）；We Can draw atleast thefo1lowing theo－  

reticalconclusicrn§： 

Casel  

Carr・ying out the appropriate calculations，We CanShow that  

エり1pl＝1，エβ2ガ1＝0・エ雫ガ1＝0・エスpl＝0・  

Then，fr・Om（20），  

（21）く0，  

Which means that as the price of the、first raw materialgoes〕しup，the  

amount of theinput ofits materialalways decreases．  

Case2  

Similarly，With the derived relations of  

エり1p2 ＝0・エり2少2＝1，エ叩2＝0，エスp2＝0・  

it can be readily verified that   

（ （22）急く0，  

for the change of b2．  

Case5  

By the same token，  

エL－271＝0，  

エj71＝0，  

エ‘1，1＝ノ   

エ£71＝－  

＋ゐ2－2∬1∬  

ぴ1∬1  

ノれ2＋ゐ2－2．方1．方  

The necessary condition for minimizing cost（20）becomesin this case，   
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【▼＿＿⊥二＿ ∂釘1  
ノ・れ2＋ゐ2－2・方1・方‾諒γ「   

By rearranging it we have 

ぴ1∬1  ∂．方  
＜．0．  

ゾ．獅 ∂γ■1  

（23）－一裟＜評了㌍扁・意，  

Or，  

∂仇 ＿  ぴ1．方1  
（23）′  

‾赤i‾くて嘉二二萌すキラ岳   

Although（23）′showsthenecessaryconditionforthecostminimization  

problem，WeCannOtStateunambiguously thedirectionof changes、Ofvl  

and x from this result alone．  

Case4  

Simil左rly，Withthederivedr：elations’L6f  

エひ1γ2＝0，エp2γ2＝ノγ22十γ22＋ゐ2－2耕一2・γ2ノゐ2－・ガ2・  

ぴ2（－・方2＋羞）  
エスナ2＝0，  

エ鷲72  ノ．芳22十γ22＋ゐ2－2．方2．芳一2．γ21／ゐ2－・ガ2i  

We have  

ぴ2（・方2一諸妄）  ∂∬  

（24）－＜十  ＼ 諒㌃．方22十γ22＋ゐ軍－2．方2．方－2．γ2ノカ2－．方2 ∂′2  

0Ⅰ，  

が2（∬2一－） 
∂が2／ ．塵  

¢4）′  ＜  
抑  （プープ2）2 ∂r写●   

OLIVE 香川大学学術情報リポジトリ



J974  ー76一  番川大学経済学部 研究年報14   

It means that whether or not v2hri11increase when r2Changesdepends  

uponnotonlythealgebraicdifferencebetweenx2and・butalsothe  

at the equilibrium point．6）  
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CORRIGENDA  

TAXEOIHARA  

Thisis alist of the errors and corrections for my paper entitled  

ON THE SYSTEM OFINTERREGIONAL COMMODITY FLOWS pub－  

1ishedintheÅnnualReport，Vol．12，by the Department of Economics，  

Ⅹagawa Universityin1972．  

」州 
CoIⅠ・eCt  

model．   

maximlZlng   

Preference   

Coef．   

follows：See Fig2 

PI・OpenSity  

畔一巧  

Polensl【e   

poinトtoTpOint  

（・漕い招）  

exogeno11S Variables  

ズグ  

ズ1，．‰，……，ズ九   

ノト・・   

〝ノ ＿ 研   

九   鬼桝  
享 
． 

♪1，♪2，♪8．   

assign 1 to 

Xm   

p．751．17   

p．761．2  

p“77 fig．1  

p．77 fig．1   

p．781．17   

p… 79 fig．2   

p．811．11   

p… 81i．25   

pル 821い 21   

p．841．12   

p叫 851．3   

p小 881．．11   

p．881．12   

p．88 1。24  

p岬 881．27  

p．891．．16  

p．891．18   

p．90l．18  

modeト   

maixmizing   

PI・efeInCe   

Cost 

follows：   

P王・OpeIICity   

l∴ l・、こミ、   

Poleenske   

point－tO pOint  

（一畔日常）  

exogenousvariables   

勘   

∬1〉 ∬2I1ク ∬れ   

♪川   

．
●
J
 
 〃
 
 

飽
∑
”
 
 
♪1，♪2 ♪3．   

asslgn tO   

X加  

OLIVE 香川大学学術情報リポジトリ



ーーー 7β 一  香川大学寝顔学部 研究年報14  J974   

Page＆LineNumber E  w  

．：／、．  
901．．21  p

 
縫
p
 
 
 

0
0
 
 

l
 
 

．
9
 
 
 

ノ
l
ぅ
 
 

ど
・
9
二
 
 

－
√
 
 
▲
 
－
 
 

7
・
p
「
 
 

0
0
 
 
3
 
 

1
 
 
2
 
 

・
 
－
 
 
1
－
－
－
 
 

p．．91  

p．921い 9  

p．92⊥∵∴l：19   

P．92】い 22   

p．93 L．14   

P．93】．19   

p．931．20   

p．94】．13   

p．94】い16   
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