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abstract

We consider the 2-equations seemingly unrelated regression (SUR)
model. A random walk model and a deterministic trend model are
mixed. We derive the asymptotic distributions of the OLS and the
restricted and unrestricted SUR estimators using nonstandard
asymptotics. Small sample properties are examined by Monte Carlo
experiment for a 2-equation system. The experiments show that the
SUR estimators are more efficient than the OLS estimator and these
estimators are more powerful than the OLS estimator as a unit root

test statistics.

1. Introduction

Maekawa and Hisamatsu(2002) considered the seemingly
unrelated regression (SUR) models with I(1) explanatory variables. The
two cases were analyzed:(I) explanatory variables are integrated of
order one and (II) explanatory variables are the lagged dependent
variables with a coefficient of unity in all or some equations.
Non-standard asymptotic distributions of the OLS and SUR estimators
were derived. It was shown that SUR estimator is more efficient than
the OLS estimator and a unit root test based on the SUR estimator is
more powerful than a test based on the OLS estimator in the case (II).
Furthermore it was considered a cointegration test in the case (I).

The present paper extends the study of Maekawa and
Hisamatsu(2002) to the more general situation that the stationary and

nonstationary processes are mixed in the SUR model. We consider the
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SUR models in which a random walk model and a deterministic trend
model are mixed. We derive non-standard asymptotic distributions of
the OLS and SUR estimators and show the order of the consistency of
the estimators. Relative efficiency of these estimators in small sample
is examined by Monte Carlo experiment. The experiment shows that
the restricted and unrestricted SUR estimators are more efficient than
the OLS estimator. In this model we also show that a unit root test
based on the SUR estimator is more powerful than a test based on the
OLS estimator.

This paper is organized as follows. In section 2 we present the
model and definition of the OLS and SUR estimators. In section 3 we
derive the asymptotic distributions of these estimators by using
nonstandard asymptotics. In section 4 we examine the small sample
properties of these statistics by Monte Carlo experiments. We also
calculate the power of these estimators as a unit root test statistics and
compare the performance. Finally in section 5 we provide some

concluding remarks.

2. SUR model with random walk and deterministic trend
We consider the following 2-equation SUR model
Ve =ViatV,
X, =c+p-t+w,

[V’]~N[O,(G” Ulzj}
W, Oy Op

and true value of p is unity.

(1)

where

To write the system compactly we often use a notation A = (ay.) for a
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matrix of an element g, and introduce the following vectors and

matrices

X = (y-1)> X, = (i t): p= (p,c,ﬂ)', U =v, uU,=w
where all components of i are unity and those of t are deterministic

time trend. Then we can write the system as
y x 0 u
Y2 0 x, U,

Y=XB+U (3)

or more compactly

where the definitions of Y, X and U are self-evident. The

distribution of U can be written as

U~ N(0,Q)
where
0= (Qll le] _ (0-111 O-lzlj -3, ®1,
Q, Qy oul oyl

Zy :(O'U) is assumed positive definite and ® signifies the

Kronecker product.
The OLS and SUR estimators of f are written as

oLS: p=xx)'xvy (4)
and
SUR: F=(xa'x)' xaly (5)

where Q) is the estimated covariance matrix
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Q=(s,)®1,

s, 1is the estimator of o, The Zellner's restricted SUR (abbreviated

as RSUR) estimator denoted by ,E o uses the estimator

0,'n,
vor-1

where

A

i;i :yi _x:ﬂzr ﬁ:(x:'xz)ilxi'yl’ i’j:1’2'

The Zellner's unrestricted SUR (abbreviated as USUR) estimator

denoted by EUSUR uses the estimator s;

where

e.=y.—-2p, Z=(x «x,), 7=22)'2y, ij=12, n=2

i

. * . .
Both estimators s, and s, are consistent estimators of

0,0, ] = 1,2. (see Appendix).

3. Asymptotic distributions of the OLS and SUR estimators
Following Park and Phillips(1988), we derive the asymptotic
distributions of the RSUR, USUR and OLS estimators. We define

2-dimensional vectors W, :
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The standardized partial sum of W, converges in distribution as

o ; == 0)

(G-D/T<r<j i=12, j=12,..T

where [ ] denotes the integer part of its argument and "=" signifies
convergence in distribution and W(r) is a 2-dimensional standardized

Brownian motion.
It is easy to derive the asymptotic distribution of the OLS

estimator. The result is as follows.

Theorem 1 : The asymptotic distributions of the OLS estimators are

given as
16— p)= % (6)
T (e-c) 1o12]"
{T”(ﬁ—ﬂ)ij{o’%L/z 1/3} ] e
|

The normalized SUR estimator S is written as

v, (3-p)=w,(xa'x) xa'u (8)



—38— FIRFREFR YL WFEFEH 49 2009

where
T 0 0
Y, =0 T'? 0
0 0o 7

More concretely we can write it as

(- p)
T”z(a—c)
T3/2(B’7,B)
-1
S2T" Zt lyl : gl thlyl—l _SIZT_S/ZZ; v,
_ 21T-2/2zt:]yt 1 $! /2
_S21T75/2ZIT:1tyH /2 $1/3
s7T Zrl ’yfl_slzT Ztlw‘y’l
<| — 17" 1/22 v, +s11T-1/zzt W, (9)

21T 3/22 ZV +sllT -3/2 IW,

t=1
where s’ is (i, j) element of the inverse matrix (s” )_l,i =12.

By the standard calculation as in Phillips and Perron(1988) and
Phillips and Park(1988), we have

1 &, W)

F;y"l = JIIIOVK(V) dr
#iyt,l = o, [ ek

2 :>\/OTIJ.VWl(r)dV,
?;w%43ﬂukh@ﬂY*u




Estimation and Testing for the SUR Model with
Random Walk and Deterministic Trend —39—

1< 1
?zwlyl—l =010, J‘OVK(r)sz (”)
=1
T

1 & 1
72‘4 = \/O-illVVI (1)> 7zwt = \/O-izsz (1)7

t=1

Tﬁzlv iﬁ( - IW(r)er
N )

* oo it i Lo
S8, —> 0, i,j=12, s',s" »>o’, i,j=12

where "—" signifies convergence in probability. By substitution we have
the asymptotic distributions of the RSUR and USUR estimator as

follows.

Theorem 2 : The asymptotic distributions of the RSUR and USUR

estimators are given as

7(5-p)
T1/2(§_C) -
T3/2(ﬁ_ﬂ)

-1
0'220'“-..;W1(r)2dr - 0-12\/0'11 _..;VVI(FVF _0-12\/0-711_[;’”W1(”)51r

—0'21\/0'7”“.:[4/1(1’)(11’ o' c''/2 X

—UZIJ;”I(:rVVI(r)dr c''/2 c''/3

(1120, 1,0 1)~ o0, [, (W7, ()
~o? o, W,()+c" Jo,,(1) (10)
- o (M- [ o o (00~ [, 0
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4. Monte Carlo simulations

Small sample performance of 7 (ﬁmm—l) , T@mm —1) and
T(ﬁOLS —1) in the 2-equation SUR system are examined by Monte
Carlo experiment with 3000 iterations. In what follows, we define

k=0, /0, as variance ratio between u,, and wu, , and

r=0,,/40,,0,, ascorrelation coefficient between u,, and u,,.

(1) Distribution of the RSUR, USUR and OLS
Figure 4.1 shows a empirical cumulative distribution functions
(CDF) of the standardized estimator 7(D.qp —1), T(Dygn —1) and
T(pyos —1) when T=30, p=10, r=08, k=10, c=10,
£=05.
Figure 4.1: CDF of the RSUR, USUR and OLS
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Figure 4.2 is the case for 7=100, p=1.0and r=0.8,x=1.0,
c=10,5=05.
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Figure 4.2: CDF of the RSUR, USUR and OLS
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Figure 4.3 is the case for 7=30,p=1.0andr=02,x=1.0,¢=1.0,
p=05.
Figure 4.3: CDF of the RSUR, USUR and OLS
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It is seen that the distributions of the RSUR and USUR estimators
are almost indistinguishable but the distributions of the two SUR
estimators are more concentrated around the origin than the OLS
estimator. The three distributions are asymmetric around the origin.

From them we recognize that the RSUR and USUR estimators are
more efficient than the OLS estimator. In Figure 4.3, it is shown that if
r is nearly 0, the distributions of these three estimators are

indistinguishable.

(2) Power of the RSUR, USUR and OLS for testing H,: p=1,
H, . p<l
We examine the performance of T(ﬁmm —l) , T(,BUSUR —l) and
T (/30,5 - 1) as a unit root test statistics. We calculate the 5 % critical
values of these tests by Monte Carlo experiments at 3000 iterations.
The 5% critical values are —4.48, —4.52, —17.22 for 7 =30,
p=10, r=08, =10, ¢=10, =05 and —4.66, —4.65 —
8.05 for 7=100, p=1.0, r=08, k=10, ¢=1.0, f=0.5. and
— 1758, —1765 —1766 for T=30, p=10, r=02, k=10,
c=1.0, B=0.5 respectively.
Using these critical points we calculated the power curves of these
tests at 3000 replications.
The results are given in Figures 4.4, 4.5, 4.6 respectively. It is shown
that the RSUR and USUR estimators are more powerful than the OLS
estimator. In Figure 4.6, if 7 is nearly 0, the power of these test

statistics are almost equivalent.

In the above (1) and (2), we also examined the case for x =2.0, but
the results were no different from these Figures. Thus they were

omitted.

2009
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Figure 4.4: Power of the RSUR, USUR and OLS
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Figure 4.5: Power of the RSUR, USUR and OLS
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Figure 4.6: Power of the RSUR, USUR and OLS
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5. Concluding remarks

We have considered the Zellner's SUR model in which a random walk
and a deterministic trend are mixed with contemporaneously
correlated iid disturbances. In the model we derive the asymptotic
distributions of the restricted SUR(RSUR), unrestricted SUR(USUR)
and OLS estimators. The three estimators of the random walk
coefficient o have nonstandard asymptotic distributions.

We also analyzed the small sample performance of these estimators.
When the correlation coefficient of the error terms is nearly 1, the two
SUR estimators are more efficient than the OLS estimator. In this case
it is also shown that the two SUR estimators are more powerful than

the OLS estimator as a unit root test statistics.
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Appendix

* * . .
Proof of the s,,s;, >0, and s,,5, > 0,,i,j =L2.

(1) case of the RSUR

By the definition of s,, we have

i yi'[]_xl(xi'xl)_l'xx']yl
T-1 T-1

| 1 u'x (x'x, )" x'u
= u'u, —
T-1 T-1 T T? T
=0,+0 [1] i=12
1 V4 ‘\/? > 24

where the stochastic order of #,'x, /T and x,'x,/T* are 0, (1)

Similarly we have
U ) W ) Dy
AR | -1
1 S
=0, +Op(\/7], Vizj i,j=12.
T

(2) case of the USUR

By the definition of s; we have
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s = e'e _ y,'[[_Z(Z'Z)_IZ']yi
T-n T—-n

| | Y v,
u,'u, — u,.'(yf1 it i (yi1 i t) i' u
T—-n T—-n ¢ b

where i'=(1,1,1,...,1)' with 7 elements and t'=(1,2,3,...,T)' is a time
trend.

Similarly we have

o e'e, _ y'\-Z(Z2'Z)" 7'y,
Y T—n T

—n

T—nui u"'_T—nu"'(yfl i th P, i) i ju
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