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Synopsis.

Some theoretical equations, by the use of which the approximate size of X,-population for

quantitative character breeding can be estimated, were offered in this paper.

Introduction

It would be greatly important from practical
standpoint to make some yardstick for deter-
mining the number of plants to be grown at
X,-generation when artificial selection is firstly
operated in an ordinary mutation breeding.
In relation to this problem, Yosuma (1962),
who has discussed the relative efficiency of
the various types of propagation method* such
“such as ear-to-row method, one-plant-one-grain
method etc. to find out the most effective
propagation method under various conditions
of breeding, gave the number of X,-plants
required for detecting at least one desirable
mutant in the respective propagation methods.

Furthermore, taking it into consideration
that mutants are more difficult to detect or
obtain under a higher heterogeneity of bre-
edinding environment, Yosuia (1965) proposed
that sufficiently numerous plants for detecting
at least ‘two’ desirable mutants should be
grown at X,-generation, and studied the
relative merits of the wvarious propagation
metheds under such a condition. By this way
of thinking, however, the numbers of X,-plants
required for detecting at least three, at least
four or more desirable mutants need to be
cbtained according as the heterogeneity of
breeding environment gets larger. DBut, no
information as to the relation between the
number of X,-plants and the heterogeneity of
breeding environment can be predicted from

*# The authors prefer the term ‘propagation method’
rather than ‘screening method’ adopted by YOSHI-
DA, since the former is thought to be more strict
and unmistakable expression than the latter.
Received. October 1, 1970

Yosuipa’s equations. And therefore, no cri-
terion can be derived for answering the
question, by which requisition for the mini-
mum number of desirable mutants to be
detected the number of X,-plants should be
determined under given breeding environment.

The number of X,-plants is considered tc be
influenced not only by the heterogeneity of
breeding environment but also by the intensity
of artificial selection, phenotypic stability and
genotypic superiority of mutants and so on.
Also for these respects, YosHIpA’s equations
give us no information.

These inconveniences could be ascribed to
the point that, strictly sperking, Yosumpa’s
equations were made not on the basis of the
probability that mutants are ‘obtained’, but
on the basis of the probability that mutants
are ‘included’. It is only for qualitative
characters that the two different types of
probability are the same, in other words, that
mutants are detected or obtained without fail
if included. Another approach for determining
the size of X,-population would be needed for
quantitative characters in which mutants are
not always detected even if included, namely,
the two types of probability mentioned above
above are not the same, the former probability
being under the control of selection intensity,
heterogeneity of breeding enviroment and so
on.

The main purpose of this paper is to offer
one of theoretical bases for estimating the
approximate number of X,-plants to be grcwn
in breeding of quantitative characters.

Principle and Mathematical Procedures

Characters in which genotypic defferences

33—

NI | -El ectronic Library Service



Japanese Soci ety of Breeding

352

YONEZAWA, ICHII and YAMAGATA

of individuals are obscured by environmental
heterogeneity and therefore mutants are not
necessarily detected even if contained, are
defined as quantitative characters throughout
this paper, irrespectively of the number of
loci affecting the characters.

In the cases when improvement of such a
character is the objective of breeding, it may
easily happen that, in addition to the genotypes
suitable for breeding aim, much of unsuitable
ones are centained in the portion selected from
material population. In this paper, the number
of X,-plants to be grown, say N, will be
formulated in accordance with the principle
that at least one desirable genotype should be
safely obtained. More explicitly speaking, if

it is now assumed that one loci with three
different genotypes AA, AA’ and A’A’ is of
breeder’s interest, A and A’ being undesirable
allele and desirable one respectively, N, is
determined in such a way that the probability
of desirable genotype A’A’ being missed in
the portion selected from X,-population should
be some small value, say e.

This probability therefore N are
expected to be differently formulated according
to the mode of artificial selection. Three
different types of selection model, say A, B,
and B, models, will be taken up in this paper,
which are diagrammatically shown in Fig. 1.
Model A is the one in which X,-plants of C
or more phenotypic supericrity (standardized

and
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Diagrammatical explanation of selection models.

¢ : Critical phenotypic superiority (over the point M) for artificial selection, standardized by
phenotypic standard deviation of Xj-line for model A, by that of the whole X,-population

for model B; and by that of control line,
model B,.

=

Xy-line, X,-subpopulation or X,-population for

: Starting-point for measuring the phenotypic superiority of X,-plants, namely, mean of X,-

line for model A, that of X,-population for model B, and that of control line for model B,
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by the phenotypic standard deviation of an
X,-line, say o) over the mean of the respec-
tive X,-line are selected. Model B, is the one
in which X,-plants of C or more phenotypic
superiority (standardized by the phenotypic
standard deviation of X,-population, say o)
over the mean of X,-populatien are chosen.
In model B,, X,-plants of C or more pheno-
typic superity (standardized by the standard
deviation denoted by ¢x) over the mean of the
respective control line are selected. Standard
deviaticn ¢y can be arbitrarily determined by
the will of breeders and may be equalized to
the phenotypic standard deviation of a control
line, oy, that of an X,-line, o, that of X,-
subpopulation, ¢z, or that of X,-population, 7.

As predicted from Fig. 1, there is a sub-
stantial difference between models A and B,
(=1, 2). That is to say, in model A, the
adoption or rejection of X,-plants is decided
every X,-line, more fully speaking, on the
basis of the rank in phenotypic superiority
Xy-plants assume not in X,-population as a
whole but in the very X,-line to which they
belong. On the other hand, in maedels B, and
B,, it is of no consequence which phenotypic
rank X,-plants assume in the X,-line they are
in. Models B; and B, differ just in the point
that control lines are used in the latter model
but not in the former one. Mathematical
formulations of N will be carried out for these
three types of selection model.

1. Selection by model A

Suppose that all X,-plants in an X,-line are
derived from one and the same X;-ear, and
let p and ¢ be respectively the probability
‘that X,-line is derived from an X,-ear gener-
ated from an ear primordium with desirable
mutant alleles and the probability that desira-
ble mutant is not obtained from such an X,-
line under given selection intensity. Then,
the probability that no desirable mutant is
‘obtained’ from X,-population, say Pro. (A),
is presented by

P (D=(=pyt( )1 —pyn=i pg

+< o J—pym=2 gt
= {1—=p)+pgm}m (1)

where 7, and n,” stand for the number of X,-
lines and that of X,-plants tc be selected from

an X,-line. Equation (1) is of the same form
as the one which can be immediately derived
from equation (9) of Yosmipa (1962), but of
different import. Parameters p and ¢ in
equation (1) will be formulated below by the
use of more elementary parameters such as
selection intensity, induced mutation rate, the
number of loci concerned and so on.

If the expected frequency of desirable
mutant in the X,-line it belongs to and the
average phenotypic deviation (standardized by
o1) of desirable mutant from mean of the X,-
line are denoted by f, and d, respectively, the
probabbility of desirable mutant being in-
cluded in the portion selected from such an
Xy-line, namely, the probability of desirable
mutant being obtained from such an X,-line
is presented by

Pl [ Y
Ay on Siop (ChdA)aLexp 570 ord;

.‘“__in — f —12/2 ¢+
“]/271 SA (C-—-dA)aL/oEre dt,c<d_4 (2)

Hence, ¢g=1—P,. In this equation, parameter
S, stands for the ratio of X,-plants to be
selected, to the whole of the X,-line they are
in and is presented by

1 o
e AN ()

and o/, means phenotypic standard deviation
of the mutant in the X,-line it belongs to.
Symbols # and ¢ are variable of integration.
For a character with so high phenotypic
stability that mutants are easily detected by
phenotypical observation, the absolute value
of (C—dy)orlop’ in equation (2) would be very
large. It is noted that P, increases toward
unity and S, decreases toward f, as the
phenotypic stability of the mutant to be
obtained gets larger.

Next, parameters p and f, are formulated.
Under the circumstances, firstly, that breeding
material is of undesirable genotype for L,
independent loci and of desirable genotype
for L, independent loci and j or more loci
among the L; are to be improved together,
keeping the genetic composion of the origi-
nally desirable L, loci unchanged, and secondly,
that mutagenic treatment is operated at the
growth stage when ear primordia consist of
a single cell, and thirdly, that the effect of
natural selection against mutant alleles is
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negligibly small, we get
L/ L, ) .
p=33( 7 ) @my @ —2myti

;—,_< I}l ) (2m)7 (1—2m)Lr—7 (4)

and ) ) -
r=S(0E) (2) (5
where
L= i () emyr a-2mtip
=3 i (1) emia—ompi=2mL,

m being induced mutation rate per allele.
Especially, if j is decided to be L., that is, if
all of undesirable L; loci of breeding material
are to be improved together, equations (4) and

1 \L1+2mL,
(5)take the form p=(2m)L1 and fA=< )

4
respectively.
Now, equalizing the right-hand side of
equation (1) to e, the total number of X,-
plants to be selected is formulated as

>

na=n, ny, =ny -loge
log {1—p+p(1— Py} (6)
and using the relation that the number of X,-
plants to be grown per X,-line equals n,'/S,,
the total number of X,-plants is formulated as

Ny=n,-ny==n,"-loge
[Salog {1—p+p(1— Py} (7)
which is approximated by
Ny=ny'-log e[S p {1—(1—Py»'}

=/ log &S0 31 " )~ 1R (8)

since |p] is in general ccnsidered to be suffl-
ciently small.

2. Selection by models B; and B,

For these models, such probabililty as ¢
(=1—P,) which was similarly formulated for
every X,-line and can be commcnly applied to
all X,-lines derived from the X;-ear with the
competency for leaving desirable mutants,
cannot be defined. This is because selection
in models B, and B, is carried out on the
basis of the phenotypic deviation of X,-plants
from mean of the whole X,-population and
from mean of their control line, respectively,
and therefore selection intensity in each
individual X,-line cannot be the same. So,
the probability of mutants being obtained

should be otherwise defined and formulated,
namely, not with respect to X,-line individually
as in model A but with respect to X,-popula-
tion as a whole.

For model B,, the propability or desirable
mutant being obtained is formulated by

I f = .
PB1—-]/“27Z. Se1 ) Cmdpyonsaps C<dp (9)

where dp, f5 and ogr’ stand for the genotypic
superiority of desirable mutant defined by the
average phenotypic deviation (in the unit of
or) of the mutant from mean of X,-population,
the expected frequency of the mutant and the
phenotypic standard deviation of the mutant
in the whole X,-populaticn, respectively. Sp,
is presented by the same equation as (3). If
j or more loci among originally undesirable
L, loci are tc be improved together, main-
taining other desirable L, loci unchanged, and
no linkage exists among all of these L,+ L,
loci, the expected frequency of desirable
mutant, fp;, in other words, theprobability
of the mutant being included is repressented

by
(A A
.(1_ % m)Lg
(53 (=)
'<l_§ m>L2 (10)

which holds true whichever method of propa-
gation is adopted for making X,-populaticn if
mutagenic treatment is operated at some
vegetative growth stage of material plants.
Equation (10) takes the form

fee () (- 1)

when all of the L; loci are t0 be improved.
For B, model, the probability of desirable
mutant being obtained is formulated by

fBz foo 12
e — —t2/2
Ppy N 21 Spa (C-de)UX/UE”'e dt
; C<dp, (11)
where

1 co
Y G —12/2 .
Spa <\/ o ﬁc_max/we dt (12)

and fp, is similarly defined and formulated as
JS81, dps standing for the genotypic superiority
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of desirable mutant defined by the average
phenotypic deviation (standardized by ox) of
the mutant from mean of respective control
line. Standard deviation ¢’/ means phenotypic
standard deviation of desirable mutant in X,-
population as a whole, in X,-subpopulaticn or
in X,-line according as only one, some or as
numerous control lines as X,-line are planted.
Standard deviation ¢y equals o7, o Or oy
according to the number cof control lines
planted (see Fig. 1). Parameter D in equation
(12) shows mean of phenotypic deviations
standardized by ox) of all X,-plants from mean
of the respective control line. It may be
prefered for model B, where control lines are
used to discriminate mutants, that oy would
be equalized to phenotypic standard deviation
of control line, og.

From the foregicngs, the probability that
no desirable mutant is obtained can be formu-
lated by

Pro. (B)=1—Pg)" ; i=1, 2 (13)
for models B; and B, collectively. Parameter
n stands for the number of X,-plants to be
selected under some given selection intensity.
Letting the right-hand side of this equation
equal to e, we get

np=log 5/108(1—P31) (14)
and using the relation N=n/S
Ngi=log ¢/Sp; 10g(1"“PBi) (15)

which can be approximated by
Ng,=log e ![Sp Pp,

— 3% log & Yfm f

(C—dpidk;
5 i=1, Z.kIZO'T/O'E’/.kz'—:Ux/O'E///

(o]

e~ t*2dr  (16)

if Py, is very small as compared to unity,
which is considered not to be a rare case in
quantitative character breeding.

A considerable number of experiments
showed that population mean for many quan-
titative characters is not or just a little, if
any, changed by mutagenic treatment if
mutants with too terribly changed form or
appearance to be practically utilized are set
aside (Oka et al., 1958. RawLINgs et al., 1958.
Yamacata et al., 1960. KruiL et al., 1961.
Matsvo et al., 1961. WiLiams et al., 1961.
Yamacucur, 1962. Kawai, 1963 etc.). This
suggests that parameter D in equation (12) can
in general be ignored.

Conclusions and Discussions

Some general conclusions which could be
read from the theoretical equations will be
mentioned.

Equations (8) and (16) shows that the
number of X,-plants is roughly in inverse
proportion to pP, in model A and to P in
models B, (i=1,2). So, it may be said that,
under given selection intensity, the approxi-
mate number of X,-plants is inversely pro-

. L \/1 V .

portional to < ]><§m> This means that
induced mutation rate and the number of loci
to be improved have a great influence on the
number of X,-plants, in other words, on the
efficiency of mutation breeding. An extra-
ordinarily large number of X,-plants would
be required to be grown if induced mutation
rate is very low, and/or if material plants are
undesirable for some multiple lcci and all or
most of these loci are to be improved together,
maintaining other originally desirable loci
unchanged. Not mutation breeding but
hybridization breeding should be prefered in
such a case (Torivama et al., 1962. YoNEzAWA
et al.,1969)

It can be seen from equations (6) and (14)
that the number of X,-plants to be selected
decreases asymptotically as selection intensity
increases, but equations (7)and (15) show
that the number of X,-plants to be planted,
N, increases sharply as selection intensity
gets larger since the decrease rate of =
due to the increase of selection intensity is
much smaller than that of S, as expected from
the ferture of normal distribution. This leads
us to the general conclusion that a larger
number of X,-plants need to be grown if a
higher selection intensity is to be adopted, by
which genetic advance by artificial selection
can be raised and consequently the time
required for attaining breeding aim can be
economized.

As understood from the definition of the
varions parameters in this paper, ox/og//7 and
ox/oy in equations (11) and (12) respectively
are expected to get larger as the number
of control lines does. This means that,
under given selection intensity, the probabily
of mutant being obtained gets larger as the
number of control lines or plants does, in
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other words, that the number of X,-plants
required for obtaining at least one desirable
mutant with given probability (1—e) can be
decreased as the number control lines or plants
is increased. It may be of practical conse-
quence that the relation between the number
of X,-plants and that of control lines should
be clarified. This relation, howevr, is con-
sidered to vary with breeding environment
and character and would be too complicated
to be settled into a simple formula. As a
proof of this, the smaller the homogeneity of
breeding environment and/cr the phenotypic
stability of breeding character are, the more
strongly the number of X,-plants would be
influenced by the number of control lines.

It has been assumed in the previous sections
that X,-line and X,-population obey normal
distribution.  Theoretically speaking, this
assumption is thought not to be unreasonable
unless the total number of loci affecting bre-
eding character is small and breeding material
per se is of so unusual and extreme phenotype
concerning the character at issue. Conditions
for normality of X,-line and X,-population are
considered to be fulfilled in most, if not all,
cases of mutation breeding for quantitative
characters.

Divergences from normal distribution, which
often take place in practical breeding for
quantitative characters, could in most cases
be ascribed not to the intrinsic and inevitable
cause that X,-line or X;-population are really
apart from normality, but just to the accidental
and avoidablle cause that the number of X,-
plants grown is too small for the normality
of X,-population to be secured. Of course,
the divergence from ncrmality due to the
latter cause does not need to be taken into
account for making the equations presented
in this paper. Even though X,-population
happen to be diverse, but not sc much, from
normal distribution owing to the former cause,
the present theory is thought to meet our
necessittities fairly well. Abocut this respect,
KRruiL et al. (1961) reported that no consistent
positive or negative shift in skewness was
detected for the three biometric characters of

oats.
Next, the number of X,-plants required for

qualitative character breeding will be briefly

discussed in relation to the present theory.

For a character in which genotypic differ-
ences are easily distinguished through phe-
notypical- observation, the probability of
mutant being obtained is equal to the proba-
bility of mutant being included in X,-popula-
tion. So, the number of X,-plants can be
formulated on the basis of the latter probability,
which is of course given by letting the selection
intensity C in equations (2), (9) and (11) be
negative infinity for the respective selection
models. Then, the probability that no desirable
mutant is obtained is presented by

Pro.(A)=lim{1—p+p(1—P,)»'} m

=00

={1=p+p(A—fam}m (17)
for model A, and
Pro.(B)=lim (1—Py)»

=A—fp)V; =1, 2 (18)
for models B;. The relations lim n,’=n, and
C—>—CO

lim n=N were used for deriving these equa-

(00
tions. Straightward, equalizing the last side
of these equations to &, we get

Ny=ny ny=n,-log eflog {1—p+ p(1—f,)"}

. {ICg e pfa e ny=1 (19)
—marlog e p (1—(1—fp)re) --on Ny =2
and
Ng;=log e/log(1—fg)=log e™/fp, (20)

ior the respective selection models. It is noted
that the last side of equation (17) and the
middle side of eqation (19) are the same form
and import as those given by Yosumpa (1962),
though different symbols were used in this
paper.

Lastly, theoretical relations between the
three selection models are briefly mentioned.

In models B; (=1, 2), artificial selection is
operated in such a was that X,-plants are
chesen independently of what rank in phe-
notypic superiority they assume in the X,-line
they belong tc. This holds true also for
model A if the one-plantone-grain method
of propagation is adopted. Hence, under the
condition that n, is unity, namely, one-plant-
one-grain method of propagation is adopted,
N, is to be fomulated similarly as Np, or
Np, according as no cr some control lines
are used for detecting mutants.

Neticing that the average number of X,-
plants to be selected from a X,-line, »,/, is in
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this case equal to the ratio of selected X,-

plants to the whole of X,-population, S, and

that (1—P,)»’ can be approximated by

1—n,’P,, we get from equation (8)
Nyln,=1=log e 1/pS, P,

et [ etea
o8 ® UUCA (C—dA)ﬂIjvE’ d
2D

where of course ¢, cannot but be oy or oy in
the absence or presence of control lines,
respectively. Besides, by the definition of
parameters, pf, in equation (21) equals [
when 7n,=1. As a proof, under the circum-
stances that the premises adopted in making
equations (4), (6) and (10) are {fulfilled and
that all of undesirable L, loci of breeding
material are to be improved together,

1 \L1+2mL, 1 Ly 3 \2mL;
pra=mm () =(5m) (1-3)

(L (1= 2) 2

So, it could now be proved that equation (21)
is the same as (16) when n,=1, and therefore
Nylny=1= Np;. This holds true also for
qualitative characters as can be readily seen
from equations (19) and (20), both of which
are exactly the same if n,=1 and pfu=/fp. It
is added here that one-plant-one-grain method
of propagation has been proved to be most
preferable as compared to other propagation
methods if the number of X,-plants but not
that of X;-plants is taken into account (Yosui-
pA, 1962).

oo

Summary

Theoretical equations for estimating the
number of X,-plants to be grown for quanti-
tative character breeding were presented in
this paper. From these equations, some
general conclusions could be derived, which
will be mentioned below.

1). Under the assumption of no linkage
among the loci concerned and with given
selection intensity, the number of X,-plant is

.. . L 1 Y
roughly in inverse proportion to< j ><—2~ m),
where m stands for induced mutation rate per
allele, L, and j being the number of undesirable
loci of breeding material and that of loci to
be improved together, respectively. This
means that the number of X,-plants is greatly

influenced by induced mutation rate and the
number of loci to be improved. An extraor-
dinarily large number of X,-plants would be
required if induced mutation rate is very low,
and/or if material plants are undesirable for
some multiple loci and all or most of these
loci are to be improved together, keeping the
genetic composition of cther originally desira-
ble loci unchanged. 2). A larger number of
X,-plants need to be grown if a higher selec-
tion intensity is to be adopted. This leads
us to the conclusion that the number of X,-
plants can be decreased only at the sacrifice
of genetic advance from X,to X,-generation.
3). The number of X,-plants can be econo-
mized by increasing the number of control
lines to be applied for discriminating mutants.
The relation between the number of X,-plants
and that of control lines, however, is consi-
dered to be greatly affected by the homoge-
neity of breeding environment and/or the
phenotypic stability of breding character and
therefore would be too complicated to be
formulated by a simple formula.

More definite knowledges could be drawn
from some numerical computations calculated
by the use of the equations in this paper,
which will be presented in the next paper.
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